
Algebra
Colloquium
c© 2012 AMSS CAS

& SUZHOU UNIV

Algebra Colloquium 19 (Spec 1) (2012) 841–866

A Wakimoto Type Realization of Toroidal sln+1

Samuel Buelk Ben Cox Elizabeth Jurisich†
Department of Mathematics, College of Charleston

Charleston, SC 29424, USA

E-mail: sjbuelk@gmail.com coxbl@cofc.edu jurisiche@cofc.edu

Received 21 April 2010

Communicated by Chongying Dong

Abstract. The authors construct a Wakimoto type realization of toroidal sln+1. The rep-
resentation constructed in this paper utilizes non-commuting differential operators acting
on the tensor product of two polynomial rings in infinitely many commuting variables.

2000 Mathematics Subject Classification: primary 17B67, 81R10; secondary 17B69

Keywords: toroidal Lie algebra, field realization, Wakimoto module

1 Introduction

Toroidal Lie algebras were first introduced in [24] as a natural generalization of
affine algebras. Given a finite-dimensional simple Lie algebra a, a toroidal algebra
is a central extension of a⊗ C[t1, . . . , tn, t−1

1 , . . . , t−1
n ], where the ti are commuting

variables. Toroidal algebras can be thought of as iterated loop algebras in many
commuting variables. Such algebras can also be defined using generators and rela-
tions as we do here.

One motivation for the study of toroidal Lie algebras is for potential applications
to mathematics and physics. For instance, one of the cocycles used in the construc-
tion of the toroidal extended affine Lie algebra is also used in Billig’s study of a
magnetic hydrodynamics equation with asymmetric stress tensor (see [7] and [6]).
In addition, Billig [5] and independently Iohara, Saito and Wakimoto [17] derive
Hirota bilinear equations arising from both homogeneous and principal realizations
of the vertex operator representations of 2-toroidal Lie algebras of type Al, Dl, El.
They derive the hierarchy of Hirota equations and present their soliton-type solu-
tions. In [20], Kakei, Ikeda and Takasaki constructed the hierarchy associated to
the (2 + 1)-dimensional nonlinear Schrödinger (NLS) equation and show how the
representation theory of toroidal sl2 can be used to derive the Hirota-type equations
for τ -functions. On the somewhat more mathematical side, in interesting work of
Ginzburg, Kapranov and Vasserot [16] on Langland’s reciprocity for algebraic sur-
faces, Hecke operators are constructed for vector bundles on an algebraic surface.
The main point of their paper is that under certain conditions, the corresponding

†Corresponding author.



842 S. Buelk, B. Cox, E. Jurisich

algebra of Hecke operators is the homomorphic image of a quantum toroidal alge-
bra. One should also note some of the recent work of Slodowy [27], Berman and
Moody [3], Benkart and Zelmanov [1] on generalized intersection matrix algebras
involve their relationship to toroidal Lie algebras. In addition, Wakimoto’s free field
realization of affine ŝl2 and Feigin and Frenkel’s generalization to non-twisted affine
algebras ĝ play a fundamental role in describing integral solutions to the Knizhnik-
Zamolodchikov equations (see for example [28], [14], [21], [12], [25] and [26]).

The representation constructed here is similar to what is often called a “free
field” representation, that is, our Lie algebra elements will be realized as formal
power series of non-commuting differentiable operators an (n ∈ Z) acting on a given
vector space V , where the formal power series associated with the Lie algebra be-
come finite when applied to an element v ∈ V . Our representation is constructed by
first finding a representation of an infinite-dimensional Heisenberg like algebra, and
then “inducing” to the full toroidal algebra. The free field representation in this
paper is a generalization of the second author [9, 10] which were in turn motivated
by the work of Feigin and Frenkel [13, 15] constructing free field realizations of affine
Kac-Moody and W -algebras, as well as [4]. A completely different representation
of a class of toroidal algebras given by free bosonic fields appears in [18]. Interest-
ingly, some free field representations of toroidal lie algebras can be used to construct
vertex algebras (see [2]) of a certain type, where all simple graded modules can be
classified (see [23]).

Part of our motivation for studying Wakimoto type realizations of toroidal sln+1

is to gain insight into the role of 2-cocycles in a more general construction of free
field realizations for universal central extensions of Lie algebras of the form g⊗R,
where R is an algebra over the complex numbers. Another motivation is that they
can often provide, in the generic setting, realizations in terms of partial differential
operators of imaginary type Verma modules for toroidal Lie algebras. We plan to
see how the realizations in this paper are related to these modules in future work.

2 Notation and Preliminary Setting

All vector spaces are over the field of complex numbers C.
Let An = (Aij)n

i,j=0 be the indecomposable Cartan matrix of affine type A1
n

with n ≥ 2. Let Π = {α0, α1, . . . , αn} denote the simple roots, a basis for the
set of roots denoted by ∆. Let Q be the root lattice, i.e., the free Z-module with
generators α0, α1, . . . , αn. The matrix An induces a symmetric bilinear form (· | ·)
on Q satisfying (αi|αj) = Aij . For 0 ≤ i ≤ n, we set α̌i := αi.

We review some of the calculus of formal series following [22], and we introduce
a slightly modified form of the λ-bracket notation and Fourier transform of [19]
which provides a very compressed notation, however many of the calculations are
actually done in the more expanded form of [22]. As pointed out in [22], the formal
calculus generalizes to several commuting variables, the case used here. Throughout
this paper, zi, wi, xi, yi, λi will denote mutually commuting formal variables with i
ranging over some index set. We use multi-index notation, for a positive integer
k, given an element (m0,m1, . . . , mk) ∈ Zk+1, we write m = (m0,m1, . . . , mk),
and define zm = zm0

0 zm1
1 · · · zmk

k . Denote by 0 the k-tuple of all zeros, and by 1
the k-tuple of all ones. Fix a decomposition of Zk+1 = Zk+1

− ∪ {0} ∪ Zk+1
+ into
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three disjoint subsets such that Zk+1
± are sets closed under vector addition, i.e., for

example, if j,k ∈ Zk+1
+ , then j + k ∈ Zk+1

+ . Define m > 0 if m ∈ Zk+1
+ and m < 0

if m ∈ Zk+1
− . Define the function θ by θ(m) = 1 if m > 0, and 0 otherwise.

We work with formal series a(z) =
∑

n∈Zk+1

anz−n with an ∈ End(V ) for a vector

space V described below. The series in this paper are summable in the sense of
[22], i.e., the coefficient of any monomial in the formal sum acts as a finite sum
of operators when applied to any vector v ∈ End(V ). To simplify notation, we
denote C[[z0, z

−1
0 , z1, z

−1
1 , . . . , zk, z−1

k ]] as C[[z, z−1]]. Define δ(z) :=
∑

n∈Zk+1

zn ∈
C[[z, z−1]. Similarly, δ(z/w) :=

∑
m∈Zk+1

zmw−m ∈ C[[z, z−1,w,w−1]] so that

δ(z/w) =
k∏

i=0

δ(zi/wi), where δ(zi/wi) =
∑
k∈Z

zk
i w−k

i .

The following properties of δ hold (see [22, Proposition 2.1.8]) which we repro-
duce here in the multivariable setting.

Proposition 2.1.
(i) Let f(z) ∈ V [z, z−1]. Then f(z)δ(z) = f(1)δ(z).
(ii) Let f(z,w) ∈ EndV [[z, z−1,w,w−1]] such that lim

z→w
f(z,w) exists. Then in

End(V )[z, z−1,w,w−1]], f(z,w)δ(z/w) = f(z, z)δ(z/w) = f(w,w)δ(z/w).

The formal residue for an element f(z) ∈ V [[z, z−1]] is Reszi

∑
n∈Zk+1

anzn =
∑
n

ni=−1

anzizn. Alternatively, we can define Resz as Resz
∑

n∈Zk+1

anzn = a−1, the

coefficient of z−1. We introduce a slightly modified form of Kac’s λ-bracket notation
and Fourier transform (see [19]). For any a(z,w) =

∑
m,n

am,nzmwn, we define the

Fourier transform Fλ
z,wa(z,w) = Resz0 · · ·ReszN

e
∑k

i=0 λi(zi−wi)a(z,w).

For j = (j0, . . . , jk) ∈ Nk+1, set j ! = j0!j1! · · · jk!, ∂
(ji)
wi = 1

ji!
∂ji

wi
, and ∂(j) =

k∏
j=0

∂
(ji)
wi . We also write λ(j) := λj/j ! =

k∏
i=0

λ
ji
i

ji!
. Using this notation allows us to

compress many of the formal series we will encounter, due to the following identity

Fλ
z,w∂(j)δ(z/w) = λ(j). (1)

To prove identity (1), we recall a few properties shown in [19, Proposition 2.1]: For
j > 0,

Resz∂
(j)
w δ(z/w) = 0, (z−w)∂(j+1)

w δ(z/w) = ∂(j)
w δ(z/w), (z−w)j+1∂(j)

w δ(z/w) = 0.

Thus,

Fλ
z,w∂(j)δ(z/w) = Resz0 · · ·Reszne

∑k
i=0 λi(zi−wi)∂(j)δ(z/w)

= Resz0 · · ·Reszn

( k∏
i=0

( ∞∑
ki=0

1
ki!

λki
i (zi − wi)ki

) k∏
i=0

∂
(ji)
wi δ(zi/wi)

)
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=
k∏

i=0

Reszi

( ∞∑
ki=0

1
ki!

λki
i (zi − wi)ki

)
∂

(ji)
wi δ(zi/wi) =

k∏
i=0

λ
ji
i

ji!
= λ(j).

If a(z), b(w) and cj(w) are formal distributions satisfying

[a(z), b(w)] =
∑

j∈Nk+1

cj(w)∂(j)δ(z/w),

we have Fλ
z,w[a(z), b(w)] =

∑
j∈Nk+1

cj(w)λ(j). The λ-bracket is defined as

[a(w)λb(w)] =
∑

j∈Nk+1

cj(w)λ(j),

achieving the compressed notation. When the variables are clear from the context,
we sometimes omit the formal multivariables z,w. Properties of the λ-bracket that
we use frequently include

[aλ[bηc]] = [[aλb]λ+ηc] + [bη[aλc]], [aλ(bc)] = [aλb]c + b[aλc]. (2)

2.1 The toroidal Lie algebra. Fix a positive integer N . We define the toroidal
Lie algebra τ(An) by generators and relations. The generators are

Km,j , Hi(m), Ei(m), Fi(m) (0 ≤ i ≤ n, 0 ≤ j ≤ N, m ∈ ZN+1).

We will use generating functions to write the relations of the algebra.
The generators of τ(An) (1 ≤ i ≤ n, 0 ≤ s ≤ N) have generating functions:

Ks(z) =
∑

m∈ZN+1
Km,sz−m, Hi(z) =

∑
m∈ZN+1

Hi(m)z−m,

Ei(z) =
∑

m∈ZN+1
Ei(m)z−m, Fi(z) =

∑
m∈ZN+1

Ei(m)z−m.

Let ∂zi
= ∂

∂zi
denote the formal differentiation. Define the operator Dzi

= ∂
∂zi

, and

D :=
N∑

s=0
Dzs (the indeterminate in use is understood in the context of the formula).

Then

K(z) ·D =
N∑

i=0

Ki(z) ∂
∂zi

, K(z) =
N∑

i=0

Ki(z) =
N∑

i=0

∑
m

Km,iz−mzi,

D ·K(z) =
N∑

s=0

∑
m∈ZN+1

mpKm,sz
m.

The relations of the toroidal algebra τ(An) are given by the generating functions:
(R0) Ki(z) is central, D ·K(z) = 0;
(R1) [Hi(z),Hj(w)] = AijK(w) ·Dδ(z/w);
(R2) [Hi(z), Ej(w)] = AijEj(w)δ(z/w), [Hi(z), Fj(w)] = −AijFj(w)δ(z/w);
(R3) [Ei(z), Fj(w)] = −δi,j

(
Hi(w) + 2

Aij
K(w) ·D)

δ(w/z);
(R4) [Ei(z), Ei(w)] = 0 = [Fi(z), Fi(w)], adE

−Aij+1
i (z)Ej(w) = 0 for i 6= j,

adF
−Aij+1
i (z)Fj(w) = 0 for i 6= j.
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3 The Toroidal Heisenberg Algebra

Define the toroidal Heisenberg algebra B as the Lie algebra with generators bi(r)
(1≤ i ≤ n) and Kr,p (0 ≤ p ≤ N , r ∈ Zn−1) which satisfy the following relations:

[bi(r), bj(s)] = Aij

N∑
p=0

rpKr+s,p and
N∑

p=0
rpKr,p = 0 ∀ r ∈ ZN+1. (3)

Here Aij denotes the (i, j)-th entry of the Cartan matrix An, where we have deleted
the first row and column. If we set

b0(m) := −
n∑

i=1

bi(m), (4)

then one can check that the first equality in (3) is also satisfied for i = 0 or j = 0.

3.1 Representation of the Heisenberg algebra. We define a polynomial ring
over indeterminates indexed by 0 < i ≤ n + 1 and k ∈ ZN+1:

C[y] := C
[
yi(k) | 0 < k ∈ ZN+1, 1 ≤ i ≤ n

]
.

For fixed κm,p ∈ C, 0 ≤ p ≤ N and λi ∈ C, we define a map Φ : B → EndC[y]
below by an action on the generators. The construction of the map is similar to that
appearing in [10]. The motivation for the definition of Φ uses heuristic ideas about
how the toroidal Lie algebra “should” act on sections of certain (not well defined)
line bundles. For readers who are interested in this heuristic type of construction,
one could consult [13], [4] and [11]. The resulting map Φ is twisted as in [10] so that
Φ(bi(m)) is a well defined element of EndC[y]. The definition of Φ(b0(m)) follows
from the definition (4).

Proposition 3.1. (Realization of the Toroidal Heisenberg Algebra) Fix κm,p ∈ C,
0 ≤ p ≤ N and λi ∈ C, where 0 ≤ i ≤ n. Assume

N∑
p=0

mpκm,p = 0 for all m, (5)
N∑

p=0
mpκ−m−n,p = 0 for m > 0 and n > 0. (6)

Then the map Φ : B → EndC[y] given by

Φ
(
bi(m)

)
= θ(−m)

N∑
p=0

∑
s>0

(
∂yi−1(s) − ∂yi(s)

)
mpκ−m+s,p

+ θ(m)
N∑

p=0

∑
s>0

(
∂yi−1(s) − 2∂yi(s) + ∂yi+1(s)

)
mpκ−m+s,p

+ θ(−m)yi(−m)− δm,0λi,

Φ(Km+n,p) = −κ−m−n,p

for 1 ≤ i ≤ n and m,n ∈ ZN+1 defines a representation B on C[y].
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Proof. For 1 < i, j ≤ n, we have
[
Φ

(
bi(m)

)
,Φ

(
bj(n)

)]

= θ(−n)θ(−m)
(
δj,i−1 − δj,i

) N∑
p=0

mpκ−m−n,p

+ θ(−n)θ(m)
(
δj,i−1 − 2δi,j + δj,i+1

) N∑
p=0

mpκ−m−n,p

− θ(−m)θ(−n)
(
δi,j−1 − δi,j

) N∑
q=0

nqκ−m−n,q

− θ(−m)θ(n)
(
δi,j−1 − 2δi,j + δi,j+1

) N∑
q=0

nqκ−m−n,q

=
(
θ(n)θ(−m)+ θ(−n)θ(m)+ θ(−m)θ(−n)

)(
δj,i−1−2δi,j + δj,i+1

) N∑
p=0

mpκ−m−n,p

=
(
δj,i−1 − 2δi,j + δj,i+1

) N∑
p=0

mpκ−m−n,p = −Aij

N∑
p=0

mpκ−m−n,p,

where in the last two equalities we used the hypotheses (5) and (6), respectively.
The remaining relations are also straightforward. ¤

4 Main Result, the Representation of the Toroidal Algebra

Let i, j ≤ n + 1, m ∈ ZN+1 and

C[x] := C
[
xij(m) | 0 < i < j ≤ n + 1, m ∈ ZN+1

]
.

The elements xij(m) act via multiplication on the ring C[x], and hence on the ring
C[x] ⊗ C[y] (as xij(m) ⊗ 1). Define the following differential operators acting on
the polynomial ring C[x]⊗ C[y]:

aij,m := −xij(m), a∗ij,m := ∂
∂xij(−m) . (7)

With corresponding generating functions

aij(z) =
∑

m∈ZN+1
aij,mz−m, a∗ij(z) =

∑
m∈ZN+1

a∗ij,mz−m, κs(z) =
∑

m∈ZN+1
κm,szm,

define the operators

κ(z) ·D =
N∑

i=0

κi(z) ∂
∂zi

, κ(z) =
N∑

i=0

κi(z) =
N∑

i=0

∑
m

κm,izmzi.

Note that κ(z) ·D is a weighted version of Euler’s differential operator. The oper-
ators Φ(bi) commute with the aij,m, a∗ij,m and act on C[x]⊗ C[y] as 1⊗ Φ(bi).

Theorem 4.1. (Realization) Let κm,l be fixed complex numbers satisfying condi-
tions (5) and (6) and fix λi ∈ C for 0 ≤ i ≤ n. Then the generating functions given
below

ρ(Fr)(z) = ar,r+1(z)−
r−1∑
j=1

aj,r+1(z)a∗jr(z),
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ρ(Hr)(z) = 2ar,r+1(z)a∗r,r+1(z) +
r−1∑
i=1

(
ai,r+1(z)a∗i,r+1(z)− air(z)a∗ir(z)

)

+
n+1∑

j=r+2

(
arj(z)a∗rj(z)− ar+1,j(z)a∗r+1,j(z)

)
+ Φ(br)(z),

ρ(Er)(z) = ar,r+1(z)a∗r,r+1(z)a
∗
r,r+1(z)

−
n+1∑

j=r+2

ar+1,j(z)a∗rj(z) +
r−1∑
j=1

ajr(z)a∗j,r+1(z)

+
n+1∑

j=r+2

(
arj(z)a∗rj(z)− ar+1,j(z)a∗r+1,j(z)

)
a∗r,r+1(z)

+ a∗r,r+1(z)Φ(br)(z) + κ ·Da∗r,r+1(z)

for 1 ≤ r ≤ n, together with

ρ(E0)(z) = −a1,n+1(z),

ρ(H0)(z) = −
n∑

r=1
ρ(Hr)(z)

= −
n∑

r=1
ar,n+1(z)a∗r,n+1(z)−

n+1∑
r=2

(z)a1r(z)a∗1r(z) + Φ(b0)(z),

ρ(F0)(z) =
∑

1≤r<j≤n+1

−arj(z)
∑

q;j=qi;r≥qi−1

i−1∏
l=1

a∗qlql+1
(z)a∗r,n+1(z)

− ∑
1≤r<n+1

∑
r≥qi,q

i∏
j=1

a∗qjqj+1
(z)Φ(br)(z)

− ∑
1≤r<n+1

∑
r=qi,q

i−1∏
j=1

a∗qjqj+1
(z)κ ·Da∗r,n+1(z),

define an action of the generators Er(m), Fr(m) and Hr(m) and a representation of
τ(An) on the Fock space C[x]⊗C[y]. In the partitions above, 1 = q1 < q2 < · · · < qi,
qi+1 = n + 1. In addition, Km,l acts as left multiplication by −κ−m,l.

Note that one should also have ρ(Elk) = −akl +
k−1∑
j=1

ajla
∗
jk for k < l, but we do

not seem to need this general formula, so we do not determine whether it is always
true.

5 Proof of the Main Result

We should point out that the proof requires very lengthy (at least to us) calculations.
We have selected representative portions of the calculations to include here, from an
original manuscript of over one hundred pages, a version of which is available (see
[8]). Calculations similar to those omitted can be found in [9] and [10], students
may also wish to specialize to the special cases of type A2 and A3 especially the
latter which is a good guide for the general setting of n ≥ 2.

Let Φ(br) := Φ(br)(z) =
∑
m

Φ(br)(m)z−m, then we can write the last calculation

in the proof of Proposition 3.1 as [Φ(br)λΦ(bs)] = Ars

N∑
l=0

ρ(Kl)λl = −Arsκ · λ. Set
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Kl(w) :=
(∑

r
Kr,lw

−r
)
wl. Relations (R0) are satisfied by the definition of κm,l.

The relations (R1)–(R4) will follow if the following λ-brackets are satisfied:

(T1) [ρ(Hi)(w)λρ(Hj)(w)] = Aij

N∑
l=0

ρ(Kl)(w)λl (0 ≤ i, j ≤ n);

(T2) [ρ(Hi)(w)λρ(Ej)(w)] = Aijρ(Ej)(w), [ρ(Hi)(w)λρ(Fj)(w)] = −Aijρ(Fj)(w);

(T3) [ρ(Ei)(w)λρ(Fj)(w)] = −δi,j

(
ρ(Hi)(w) + 2

Aij

N∑
l=0

ρ(Kl)(w)λl

)
;

(T4) [ρ(Ei)(w)λρ(Ej)(w)] = 0 = [ρ(Fi)(w)λρ(Fj)(w)] if |i− j| 6= 1.
[ρ(Ei(w)λ)[ρ(Ei)(w)µρ(Ej)(w)]] = 0 if i = j ± 1.
[ρ(Fi)(w)λ[ρ(Fi)(w)µρ(Fj)(w)]] = 0 if i = j ± 1.

Proof. We demonstrate how to write the relation (R1) in λ-bracket form:
∑
m,n

[Hi(m),Hj(n)]z−mw−n

= Aij

N∑
l=0

Kl(w)∂wl
δ(z/w) = Aij

∑
j∈NN+1

cj(w)∂(j)δ(z/w),

where cj(w) is defined as follows: we take el to be the N -tuple with 1 in the l-th
position and zeros elsewhere, and define cel(w) = Kl(w) and cj(w) = 0 if j 6= el for
some 0 ≤ l ≤ N . Applying Fλ gives the result. ¤

5.1 Preliminary lemmas. We have the following identities for ai,j,m and a∗i,j,m
as in (7), whose proofs carry over from [10, Lemma 4.1]. The identities are written
which we write in terms of the λ-bracket. In the interest of compressing the nota-
tion, we will often suppress the variables z,w in the computations, especially when
using the λ-notation, where the presence of the multivariable w is assumed.

Lemma 5.1. [10] Let i, j, k, l ∈ Z. Then for the generating functions aij(w) and
a∗ij(w), the following identities hold:

(a) [aij(w)λa∗kl(w)] = δi,kδj,l,
(b) [aij(w)a∗ij(w)λaij(w)a∗ij(w)] = 0,

(c) [aij(w)λκ ·Da∗kl(w)] = δi,kδj,l

N∑
p=0

κpλp = [κ ·Da∗kl(w)λaij(w)],

(d)
n+1∑

j=r+2

s−1∑
k=1

[
aks(w)a∗k,s+1(w)λarj(w)a∗rj(w)

]
= −δs,r+1ar,r+1(w)a∗r,r+2(w),

(e)
r−1∑
j=1

n+1∑
k=s+2

[
as+1,k(w)a∗sk(w)λajr(w)a∗j,r+1(w)

]
= 0,

(f)
n+1∑

j=r+2

s−1∑
k=1

[
aks(w)a∗k,s+1(w)λar+1,j(w)a∗r+1,j(w)

]
= 0,

(g)
n+1∑

j=r+2

n+1∑
k=s+2

[
as+1,k(w)a∗sk(w)λ

(
arj(w)a∗rj(w)− ar+1,j(w)a∗r+1,j(w)

) ]

= −2δr,s

n+1∑
j=r+2

ar+1,j(w)a∗rj(w) + δr,s+1

n+1∑
j=r+2

arj(w)a∗r−1,j(w)

+ δs,r+1

n+1∑
j=r+3

ar+2,k(w)a∗r+1,j(w),
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(h)
r−1∑
j=1

[
a∗s,s+1(w)λajra

∗
j,r+1(w)

]
= −δr,s+1a

∗
r−1,r+1(w),

(i)
n+1∑

j=r+2

[
a∗s,s+1(w)λar+1,j(w)a∗rj(w)

]
= −δr+1,sa

∗
r,r+2(w).

Proof. Only statement (c) is new,

[aij(z), κ(w) ·Da∗kl(w)] =
∑
m

N∑
p=0

∑
n,q

κn,p[aij(m), a∗kl(q)]wnwp
∂

∂wp
z−mw−q

= δi,kδj,l

N∑
p=0

∑
n

κn,pwn
∑
m

mpz−mwm = δi,kδj,l

N∑
p=0

∑
n

κn,pwnwp
∂

∂wp
δ(z/w)

and

[κ(z) ·Da∗kl(z), aij(w)]

=
∑
m

N∑
p=0

∑
n,q

κn,p[a∗kl(q), aij(m)] znw−mzp
∂

∂zp
z−q

= −δi,kδj,l

N∑
p=0

∑
n

κn,pzn
∑
m

mpzmw−m = δi,kδj,l

N∑
p=0

∑
n

κn,pznwp
∂

∂wp
δ(z/w)

= δi,kδj,l

N∑
p=0

∑
n

κn,pwnwp
∂

∂wp
δ(z/w) + δi,kδj,l

N∑
p=0

wp
∂

∂wp

( ∑
n

κn,pwn
)
δ(z/w)

= δi,kδj,l

N∑
p=0

∑
n

κn,pwnwp
∂

∂wp
δ(z/w) + δi,kδj,l

∑
n

( N∑
p=0

npκn,p

)
wnδ(z/w)

= δi,kδj,l

N∑
p=0

∑
n

κn,pwnwp
∂

∂wp
δ(z/w)

by the relation (R0). Now we take the Fourier Fλ
z,w transform of the above, obtain-

ing [aijλκ ·Da∗kl] = [κ ·Da∗klλaij ] = δi,kδj,l

N∑
p=0

κpλp = δi,kδj,lκ · λ. ¤

In addition, the following consequences of Lemma 5.1 are useful:

Lemma 5.2. The following identities hold:

[
amn(w)a∗mn(w)λajs+1(w)a∗js(w)

]
= δmj

{−aj,s+1(w)a∗js(w) if n = s + 1,
aj,s+1(w)a∗js(w) if n = s,

(8)

[aij(w)a∗ij(w)
λ
κDa∗mn(w)] = δimδjnκ ·Da∗ij(w) + δimδjna∗ij(w)κ · λ. (9)

Proof. We prove only the second relation (9) and leave the other to the reader. By
Lemma 5.1(c) and by properties of δ(z/w), one has

[aij(z)a∗ij(z), κwDwa∗mn(w)] = δimδjna∗ij(z)κwDwδ(z/w)
= δimδjnκwDw(a∗ij(z)δ(z/w)) = δimδjnκwDw(a∗ij(w)δ(z/w))
= δimδjn(κwDwa∗ij(w))δ(z/w) + δimδjna∗ij(w)κwDwδ(z/w)).

Note that the formal multivariable in the series aij(z) is not affected by the operator
κ(w)Dw which acts on series in w. Now applying the transform Fλ

z,w gives the
result. ¤
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5.2 Relations involving H(z). The relations (T1) and (T2) involving the Hi(z)
are simpler to verify than those of type (T3) and (T4), so we begin with them. A
reader familiar with other free field representations or vertex algebras can verify
relation (T1) as an exercise (see also [9]). Because of the definition of aij and a∗ij
given in (7), there are no multiple contractions when computing out the operator
product expansion for these terms. To further compress the notation, we sometimes
omit the multivariable w in our computations when the variable is clear from the
context.

Lemma 5.3. (T2) [ρ(Hr)(w)λρ(Es)(w)] = Arsρ(Es)(w).

Proof. First assume r, s 6= 0. If |r − s| > 1, observe that the indices of aij and
a∗ij that appear in ρ(Hr)(z) and ρ(Es)(w) are disjoint and thus by Lemma 5.1(a)
contribute nothing to the λ-bracket [ρ(Hr)(w)λρ(Es)(w)] (or equivalently to the
commutator [ρ(Hr)(z), ρ(Es)(w)]). The remaining terms coming from the bj have
trivial commutator and thus [ρ(Hr)(w)λρ(Es)(w)] = 0.

Now assume r = s (with r, s 6= 0). In this case, ρ(Er)(w) is equal to

ar,r+1a
∗
r,r+1a

∗
r,r+1 +

n+1∑
j=r+2

(
arja

∗
rj − ar+1,ja

∗
r+1,j

)
a∗r,r+1

+
r−1∑
j=1

ajra
∗
j,r+1 −

n+1∑
j=r+2

ar+1,ja
∗
rj + a∗r,r+1Φ(br) + κ ·Da∗r,r+1,

and ρ(Hr)(w) expands to

2ar,r+1a
∗
r,r+1 +

r−1∑
i=1

(
ai,r+1a

∗
i,r+1 − aira

∗
ir

)
+

n+1∑
j=r+2

(
arja

∗
rj − ar+1,ja

∗
r+1,j

)
+ Φ(br)

(where we have suppressed the variable w). Now

2
[
ar,r+1a

∗
r,r+1λρ(Er)

]

= 2ar,r+1a
∗
r,r+1a

∗
r,r+1 + 2

n+1∑
j=r+2

(
ar,ja

∗
r,j − ar+1,ja

∗
r+1,j

)
a∗r,r+1

+2a∗r,r+1Φ(br) + 2κ ·Da∗r,r+1 + 2a∗r,r+1

N∑
l=0

κlλl.

(10)

The second summation in ρ(Hr)(w) contributes

r−1∑
i=1

[ (
ai,r+1a

∗
i,r+1 − aira

∗
ir

)
λ

ρ(Er)
]

=
r−1∑
i=1

[ (
ai,r+1a

∗
i,r+1 − aira

∗
ir

)
λ

aira
∗
i,r+1

]
= 2

r−1∑
i=1

aira
∗
i,r+1. (11)

Now in the third summation in ρ(Hr)(w), the index j is greater than or equal to
r+2, and so commutes with all but the second and fourth terms of ρ(Er)(w) above,
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thus

n+1∑
j=r+2

[ (
arja

∗
rj − ar+1,ja

∗
r+1,j

)
λ

ρ(Er)]

=
n+1∑

j=r+2

([
arja

∗
rjλarja

∗
rj

]
+

[
ar+1,ja

∗
r+1,jλar+1,ja

∗
r+1,j

])

−
n+1∑

i=r+2

n+1∑
j=r+2

[ (
aria

∗
ri − ar+1,ia

∗
r+1,i

)
λar+1,ja

∗
rj ]

= −2
n+1∑

j=r+2

ar+1,ja
∗
rj (12)

by Lemma 5.1(b) and (g). The last term in ρ(Hr)(w) contributes

[
Φ(br)λρ(Er)

]
=

[
Φ(br)λa∗r,r+1Φ(br)] = −2a∗r,r+1

N∑
p=0

κpλp. (13)

The previous four calculations (10), (11), (12) and (13) sum up to give us the desired
result [ρ(Hr)λρ(Er)] = 2ρ(Er).

Now suppose s = r + 1 so that ρ(Er+1)(w) is equal to

ar+1,r+2(a∗r+1,r+2)
2 +

n+1∑
j=r+3

(
ar+1,ja

∗
r+1,j − ar+2,ja

∗
r+2,j

)
a∗r+1,r+2

+
r∑

i=1

ai,r+1a
∗
i,r+2 −

n+1∑
j=r+3

ar+2,ja
∗
r+1,j + a∗r+1,r+2Φ(br+1) + κ ·Da∗r+1,r+2.

Then the first summand in ρ(Hr)(w) contributes

2
[
ar,r+1a

∗
r,r+1λρ(Er+1)

]
= −2ar,r+1a

∗
r,r+2.

The second summation in Hr(w) contributes

r−1∑
i=1

[(
ai,r+1a

∗
i,r+1 − aira

∗
ir

)
λ
ρ(Er+1)

]

=
r−1∑
i=1

[(
ai,r+1a

∗
i,r+1 − aira

∗
ir

)
λ
ai,r+1a

∗
i,r+2

]
= −

r−1∑
i=1

ai,r+1a
∗
i,r+2.

The third summand contributes by Lemma 5.1

n+1∑
j=r+2

[ (
arja

∗
rj − ar+1,ja

∗
r+1,j

)
λ

ρ(Er+1)]

= − ar+1,r+2a
∗
r+1,r+2a

∗
r+1,r+2 −

n+1∑
j=r+3

(
ar+1,ja

∗
r+1,j − ar+2,ja

∗
r+2,j

)
a∗r+1,r+2

− ar,r+1a
∗
r,r+2 −

n+1∑
j=r+3

ar+2,ja
∗
r+1,j − a∗r+1,r+2Φ(br+1)

−κ ·Da∗r+1,r+2 − a∗r+1,r+2

N∑
l=0

κlλi.
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The last summand in ρ(Hr)(w) has λ-bracket with ρ(Er+1)(w) equal to

[
Φ(br)λρ(Er+1)

]
= a∗r+1,r+2[ρ(br)λρ(br+1)] = a∗r+1,r+2

N∑
p=0

κpλp.

Adding the previous four equations up, we get [ρ(Hr)λρ(Er+1)] = −ρ(Er+1).
The final nontrivial case to consider is when s = r − 1 (and rs 6= 0) so that

ρ(Er−1)(w) is equal to

ar−1,r(a∗r−1,r)
2 +

n+1∑
j=r+1

(
ar−1,ja

∗
r−1,j − arja

∗
rj

)
a∗r−1,r

+
r−2∑
j=1

aj,r−1a
∗
jr −

n+1∑
j=r+1

ar,ja
∗
r−1,j + a∗r−1,rΦ(br−1) + κ ·Da∗r−1,r.

Then 2
[
ar,r+1a

∗
r,r+1λρ(Er−1)

]
= −2a∗r−1,r+1ar,r+1.

The second summation in ρ(Hr)(w) contributes by Lemma 5.1

r−1∑
i=1

[(
ai,r+1a

∗
i,r+1 − aira

∗
ir

)
λ
ρ(Er−1)

]

= − ar−1,ra
∗
r−1,ra

∗
r−1,r −

n+1∑
j=r+1

(
ar−1,ja

∗
r−1,j − arja

∗
rj

)
a∗r−1,r

−
r−2∑
j=1

aj,r−1a
∗
jr + ar,r+1a

∗
r−1,r+1 − a∗r−1,rΦ(br−1)− κ ·Da∗r−1,r −

N∑
p=0

κpλp.

The third summand contributes
n+1∑

j=r+2

[(
arja

∗
rj − ar+1,ja

∗
r+1,j

)
λ
ρ(Er−1)

]
=

n+1∑
j=r+2

ar,ja
∗
r−1,j .

The last summation in ρ(Hr)(w) has λ-bracket with ρ(Er−1)(w) that reduces to

[
Φ(br)λρ(Er−1)

]
= −

N∑
p=0

κpλp.

Summing the previous four equations gives [ρ(Hr)(w), ρ(Er−1)(w)] = −ρ(Er−1)(w).
We now consider the case of s = 0 and r 6= 0: Then ρ(Es)(w) = ρ(E0)(w) =

−a1,n+1 and hence 2
[
ar,r+1a

∗
r,r+1λρ(E0)

]
= 0.

The second summation in ρ(Hr)(w) contributes

−
r−1∑
i=1

[(
ai,r+1a

∗
i,r+1 − aira

∗
ir

)
λ
a1,n+1

]
= δr,na1,n+1.

The third summand contributes

−
n+1∑

j=r+2

[ (
arja

∗
rj − ar+1,ja

∗
r+1,j

)
λ

a1,n+1] = δr,1a1,n+1.

The last summation in ρ(Hr)(z) has commutator with ρ(E0)(w) equal to 0, and
hence does not contribute to the λ-bracket. Summing the previous three equations,
we get [ρ(Hr)(w)λρ(E0)(w)] = −ρ(E0)(w).
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If r = 0, since ρ(H0) = −
n∑

r=1
ρ(Hr), we get

[ρ(H0)(w)λρ(Es)(w)] = −
n∑

r=1
[ρ(Hr)(w)λρ(Es)(w)]

= −
n∑

r=1
Ar,sρ(Es)(w) = A0,sρ(Es)(w),

which holds for any s. This completes the proof of the lemma. ¤

Since our expression for F0(w) is quite different from that of Fi(w) if i 6= 0, we
will prove that case separately. First we consider the case:

Lemma 5.4. (T2) For r, s 6= 0, [ρ(Hr)(w)λρ(Fs)(w)] = −Arsρ(Fs)(w).

Proof. We assume s, r 6= 0 in

[HrλFs] =
[ r∑

i=1

ai,r+1a
∗
i,r+1 −

r−1∑
i=1

aira
∗
ir +

n+1∑
j=r+1

arja
∗
rj

−
n+1∑

j=r+2

ar+1,ja
∗
r+1,j + Φ(br)λas,s+1 −

s−1∑
j=1

aj,s+1a
∗
js

]

(omitting the multivariable w as before). Using Lemma 5.2 and the fact that Φ(br)
commutes with aij,m and a∗ij,m gives

[ r∑
i=1

ai,r+1a
∗
i,r+1 −

r−1∑
i=1

aira
∗
ir +

n+1∑
j=r+1

arja
∗
rj −

n+1∑
j=r+2

ar+1,ja
∗
r+1,j + Φ(br)λas,s+1

]

= − δr+1,s+1as,s+1 + δr,s+1as,s+1 − δr,sas,s+1 + δr+1,sas,s+1 = −Arsas,s+1.

For the remaining component, we must show
[( r∑

i=1

ai,r+1a
∗
i,r+1 −

r−1∑
i=1

aira
∗
ir

)
+

( n+1∑
j=r+1

arja
∗
rj −

n+1∑
j=r+2

ar+1,ja
∗
r+1,j

)
λ

−
s−1∑
j=1

aj,s+1a
∗
js

]
= Ars

s−1∑
j=1

aj,s+1a
∗
js. (14)

First note that by Lemma 5.1,
[ r∑

i=1

ai,r+1a
∗
i,r+1 −

r−1∑
i=1

aira
∗
irλ −

s−1∑
j=1

aj,s+1a
∗
js

]
= 0

unless r = s, r + 1 = s, or r = s + 1.
Equation (8) of Lemma 5.2 allows us to compute each case. Suppose r = s, then

[ r∑
i=1

ai,r+1a
∗
i,r+1 −

r−1∑
i=1

aira
∗
irλ −

s−1∑
j=1

aj,s+1a
∗
js

]

=
s−1∑
j=1

aj,s+1a
∗
js +

s−1∑
j=1

aj,s+1a
∗
js = 2

s−1∑
j=1

aj,s+1a
∗
js.

Suppose r = s− 1, then
[
−

r−1∑
i=1

aira
∗
irλ −

s−1∑
j=1

aj,s+1a
∗
js

]
= 0 and

[ r∑
i=1

ai,r+1a
∗
i,r+1λ

−
s−1∑
j=1

aj,s+1a
∗
js

]
= −

s−1∑
j=1

aj,s+1a
∗
js.
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Similarly, if r = s + 1, then
[ r∑

i=1

ai,r+1a
∗
i,r+1λ

−
s−1∑
j=1

aj,s+1a
∗
js

]
= 0 and

[
−

r−1∑
i=1

aira
∗
irλ −

s−1∑
j=1

aj,s+1a
∗
js

]
= −

s−1∑
j=1

aj,s+1a
∗
js.

We have shown
[( r∑

i=1

ai,r+1a
∗
i,r+1 −

r−1∑
i=1

aira
∗
ir

)
λ
−

s−1∑
j=1

aj,s+1a
∗
js

]
= Ars

s−1∑
j=1

aj,s+1a
∗
js. (15)

Applying Lemmas 5.1 and 5.2 and splitting into cases r > s − 1, r = s − 1
and 1 ≤ r ≤ s− 1, a straightforward computation shows the remaining component
satisfies [ n+1∑

i=r+1

aria
∗
ri −

n+1∑
i=r+2

ar+1,ia
∗
r+1,iλ

−
s−1∑
j=1

aj,s+1a
∗
js

]
= 0 (16)

for all r, s 6= 0. Equations (15) and (16) give (14) and the desired result. ¤

The case of [H0(w)λFi(w)] is similar to the above and is left to the reader. Next
we consider the case of F0(w).

Lemma 5.5. (T2) For all 0 ≤ k ≤ n, [ρ(Hk)(w)λρ(F0)(w)] = −Ak0F0(w).

Proof. To simplify the computation for ρ(F0)(w), one should note that for all
positive integers s, t, i, and fixed (i + 1)-tuple q = (q1, q2, . . . , qi+1) ∈ Zi+1 with
1 = q1 < q2 < · · · < qi, it follows immediately from Lemma 5.1 that

[
asta

∗
stλ

i∏
l=1

a∗qlql+1

]
=

i∏
l=1

δsql
δtql+1a

∗
qlql+1

. (17)

In other words, the expression
[
asta

∗
stλ

i∏
l=1

a∗qlql+1

]
is zero unless s and t appear as

consecutive integers in the increasing sequence q1 < q2 < · · · < qi in which case
[asta

∗
stλ·] acts as an identity operator. From this observation and noting that the

expression ρ(F0)(w) contains sums of strings of such products, one is motivated to
arrange terms of ρ(Hk)(w) to promote cancellation, writing (where we suppress the
multivariable):

ρ(Hk) =
k∑

i=1

ai,k+1a
∗
i,k+1 −

n+1∑
j=k+2

ak+1,ja
∗
k+1,j −

k−1∑
i=1

aika∗ik +
n+1∑

j=k+1

akja
∗
kj + Φ(bk).

Now consider the λ (or equivalently the commutators) of components of ρ(Hk)(w)
and ρ(F0)(w), and will show that [ρ(Hk)(w)λρ(F0)(w)] is zero except in cases of
k = 0, 1, n. Let

A := − ∑
1≤r<n+1

n+1∑
m=r+1

arm

∑
q

m=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1,
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B := − ∑
1≤r<n+1

Φ(br)
∑
q

r≥qi>qi−1···>q1=1

i∏
l=1

a∗qlql+1
,

C := − ∑
q

r=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
κ ·Da∗r,n+1,

so ρ(F0)(w) = A + B + C. Because it is simpler, we first consider the second
component B. Fix r with 1 ≤ r < n + 1, recall qi+1 = n + 1, and fix k with
1 ≤ k < n. In a fixed q ∈ Zi+1 as above, if none of the qj = k + 1 for 1 ≤ j ≤ i,

then by (17),
[( k∑

i=1

ai,k+1a
∗
i,k+1 −

n+1∑
j=k+2

ak+1,ja
∗
k+1,j

)
λ

i∏
l=1

a∗qlql+1

]
= 0.

On the other hand, if qt = k + 1 for some 1 < t < i + 1 (unique because of the
conditions on q), then (17) shows

[( k∑
i=1

ai,k+1a
∗
i,k+1 −

n+1∑
j=k+2

ak+1,ja
∗
k+1,j

)
λ

i∏
l=1

a∗qlql+1

]
=

i∏
l=1

a∗qlql+1
−

i∏
l=1

a∗qlql+1
= 0.

Since Φ(br)(z) commutes with the operators aij(w) and a∗ij(w), summing over r,q
with r ≥ qi, we have shown: For 1 ≤ k < n,

[ k∑
i=1

ai,k+1a
∗
i,k+1 −

n+1∑
j=k+2

ak+1,ja
∗
k+1,jλ

B
]

= 0. (18)

A similar argument shows that for 1 < k ≤ n,

[ n+1∑
j=k+1

akja
∗
kj −

k−1∑
i=1

aika∗ikλB
]

= 0. (19)

Adding equations (18) and (19) shows [ρ(Hk)(w)λB] = 0 for 1 < k < n.
Now consider the first component A of our realization of F0(w). Note that the

last term a∗r,n+1 may also appear in the product
i−1∏
l=1

a∗qlql+1
. Assume k 6= n, apply

(17) and (2) for simplifying the brackets:

∑
i,j

[
ai,k+1a

∗
i,k+1 − ak+1,ja

∗
k+1,jλ

A
]

=
∑
i,j

∑
r<m

(
ai,k+1δi,rδk+1,m

∑
q, m=qi

r≥qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1

− ak+1,jδk+1,rδj,m

∑
q, m=qi

r≥qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1

)

+
∑

r<m

(
− armδk+1,m

∑
q

m=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1

+ ar,m

∑
q

m=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
[ak+1,ja

∗
k+1,jλ

a∗r,n+1]
)
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=
∑

r<m

(
ar,k+1δmk+1

∑
q, m=qi

r≥qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1

− ak+1,mδk+1,r

∑
q, m=qi

r≥qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1

)

+
∑

r<m

(
− armδk+1,m

∑
q

m=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1

+ δr,k+1arm

∑
q

m=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗r,n+1

)

= 0.

Thus, for 1 ≤ k < n we have shown

[ k∑
i=1

ai,k+1a
∗
i,k+1 −

n+1∑
j=k+2

ak+1,ja
∗
k+1,jλ

A
]

= 0. (20)

Using a similar argument, one can also show for 1 < k ≤ n,

[ k−1∑
i=1

−aika∗ik +
n+1∑

j=k+1

akja
∗
kjλ

A
]

= 0. (21)

We have shown [Hk(w)λA] = 0 for 1 < k < n.
Using Lemma 5.2 and equation (17) as above, for 1 ≤ k < n, one obtains

n∑
r=1

[ k∑
i=1

ai,k+1a
∗
i,k+1 −

n+1∑
j=k+2

ak+1,ja
∗
k+1,jλ

C
]

=
∑
q

k+1=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗k+1,n+1κ · λ, (22)

and for k with 1 < k ≤ n,
n∑

r=1

[ k−1∑
i=1

−aika∗ik +
n+1∑

j=k+1

akja
∗
kjλ

C
]

= − ∑
q

k=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗k,n+1κ · λ. (23)

The last term Φ(bk)(z) appearing in Hk(z) commutes with all of the operators
aij(w), a∗ij(w), so all that remains is to compute for 1 ≤ k < n:

[
Φ(bk)(w)λ −

∑
1≤r<n+1

Φ(br)(w)
∑
q

r≥qi>···>q1=1

i∏
l=1

a∗qlql+1

]

=
∑

1≤r<n+1

Akr

∑
q

r≥qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ

= (−1)
∑
q

k−1≥qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ + 2

∑
q

k≥qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ

+(−1)
∑
q

k+1≥qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ
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=
∑
q

k=qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ + (−1)

∑
q

k+1=qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ, (24)

where we collect partitions in the last equality.
Now for k 6= 0, 1, n, we have shown

[ρ(Hk)(w)λρ(F0)(w)] = (20) + (21) + (18) + (19) + (22) + (23) + (24) = 0. ¤

Now we consider the case k = 1, where

H1 = a1,2a
∗
1,2 −

n+1∑
j=3

a2,ja
∗
2,j +

n+1∑
j=2

a1ja
∗
1j + Φ(b1).

Equations (18) and (20) hold for k = 1 as does equation (22), so

[
a1,2a

∗
1,2 −

n+1∑

j=3

a2,ja
∗
2,jλ

F0

]

= − ∑
q

2=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
a∗2,n+1κ · λ = a∗12a

∗
2,n+1κ · λ. (25)

Furthermore, since in all of our q, q1 = 1, equations (17) and (9) give
[ n+1∑

j=2

a1ja
∗
1jλ

F0

]
= A+B +

[ n+1∑
j=2

a1ja
∗
1jλ

−∑
r

∑
q

r=qi>qi−1···>q1=1

i−1∏
l=1

a∗qlql+1
κ ·Da∗r,n+1

]

= F0 − a∗1,n+1κ · λ (26)

Finally,

[Φ(b1)λF0] = 2a∗1,n+1κ · λ− 1(a∗12a
∗
2,n+1 + a∗1,n+1)κ · λ

= −a∗12a
∗
2,n+1κ · λ + a∗1,n+1κ · λ. (27)

Summing equations (27), (25) and (26) yields [ρ(H1)(w)λρ(F0)(w)] = ρ(F0)(w)
as desired.

Now consider Hn =
n∑

i=1

ai,n+1a
∗
i,n+1−

n−1∑
i=1

aina∗in +an,n+1a
∗
n,n+1 +Φ(bn), writing

F0(w) = A + B + C as above, and recalling our assumption that in all the (i + 1)-
tuples q, the term qi+1 = n + 1, a straightforward computation using (17) shows

[ n∑
i=1

ai,n+1a
∗
i,n+1λ

A
]

= A, (28)

[ n∑
i=1

ai,n+1a
∗
i,n+1λ

B
]

= B. (29)

Furthermore, using Lemmas 5.1, 5.2 and collecting partitions, one obtains

[ n∑
i=1

ai,n+1a
∗
i,n+1λ

C
]

= C − ∑
q

n≥qi>qi−1···>q1=1

i∏
l=1

a∗qlql+1
κ · λ.
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Equations (19), (21) and (23) hold for k = n and show

[
−

n−1∑
i=1

aina∗in + an,n+1a
∗
n,n+1λ

A
]

= 0, (30)

[
−

n−1∑
i=1

aina∗in + an,n+1a
∗
n,n+1λ

B
]

= 0, (31)

[
−

n−1∑
i=1

aina∗in + an,n+1a
∗
n,n+1λ

C
]

= − ∑
n=qi>qi−1>···q1

i∏
l=1

a∗qlql+1
κ · λ, (32)

[
Φ(bn)λρ(F0)

]
= (−1)

∑
q

n−1≥qi>qi−1···>q1=1

i∏
l=1

a∗qlql+1
κ · λ

+ 2
∑
q

n≥qi>qi−1···>q1=1

i∏
l=1

a∗qlql+1
κ · λ. (33)

Summing equations (28)–(33), we have

[ρ(Hn)(w)λρ(F0)(w)]

= A + B + C − ∑
q

n≥qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ + 2

∑
q

n≥qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ

−
( ∑

q
n=qi>···>q1

i∏
l=1

a∗qlql+1
κ · λ +

∑
q

n−1≥qi>···>q1=1

i∏
l=1

a∗qlql+1
κ · λ

)

= F0(w).

The case of k = 0 follows from the above, and is left to the reader.

5.3 Relations involving Ek(w), Fr(w), and Serre relations. We will prove a
selection of the relations involving the elements Ek(w), Fr(w) including the Serre
type relations.

Lemma 5.6. (T3) [ρ(Es)(w)λρ(Fr)(w)] = −δr,s

(
ρ(Hr)(w)+ 2

Ars

N∑
l=0

ρ(Kl)(w)λl

)
.

Proof. For r 6= 0 and s 6= 0, the proof is similar to that in [9, Lemma 3.4], where
−γbr(z)− 1

2

(
b+
r−1(z) + b+

r+1(z)
)

is replaced by Φ(br) and −γ
2 ȧ∗r,r+1(z) is replace by

κ ·Da∗r,r+1. We refer the interested reader to that paper for the proof.
It is also straightforward to check that

[ρ(E0)λρ(Fr)] = −δ0,r

(
ρ(Hr) + 2

Ar0

N∑
l=0

ρ(Kl)λl

)
.

The case [ρ(Es)λρ(F0)] with s > 0 is shown via lengthy calculation made avail-
able in [8]. ¤

We are now left with the Serre relations:
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Lemma 5.7. (T4) Let ρ(Er)(w), ρ(Fr)(w), ρ(Hr)(w) be defined as in Theorem
4.1, then the following relations hold:

[ρ(Fr)(w)λρ(Fs)(w)]
= [ρ(Er)(w)λρ(Es)(w)] = 0 if Ars 6= −1,

[ρ(Fr)(w)λ[ρ(Fr)(w)µρ(Fs)(w)]]
= [ρ(Er)(w)λ[ρ(Er)(w)µρ(Es)(w)]] = 0 if Ars = −1.

Proof. As in the previous lemmas, we first assume rs 6= 0. In this case, the proof
is exactly the same as in [9, Lemma 3.5] with the exception of a sign change in the
formulation of ρ(Fr).

Now suppose r = 0, by expanding all λ-brackets and collecting over partitions
along with other simplifications, one obtains for 1 < s ≤ n:

[ρ(F0)λρ(Fs)]

= δs,nan,n+1

∑
q

qi=n+1

i−1∏
k=1

a∗qkqk+1
− δs,n

n−1∑
l=1

∑
l<j≤n+1

alj

∑
q

j=qi; l≥qi−1

i−1∏
m=1

a∗qmqm+1
a∗ln

− δs,n

∑
q; qi=n

κ · (D + λ)
i−1∏
j=1

a∗qjqj+1

− δs,n

n−1∑
l=1

∑
1≤r<n

∑
q

r≥qi, ∃a, (qa,qa+1)=(l,n+1)

( i∏
k=1,k 6=a

a∗qkqk+1

)
a∗lnΦbr

+ δs,n

n−1∑
l=1

∑
q; qi=l

κ · (D + λ)
( i−1∏

j=1

a∗qjqj+1

)
a∗ln. (34)

This proves the Serre relation for s 6= 0, 1, n. Consider the case s = n. We want to
show [[ρ(F0)λρ(Fn)]µρ(Fn)] = 0.

To prove this, first recall ρ(Fn) = an,n+1 −
n−1∑
p=1

ap,n+1a
∗
p,n. Now using (34),

[[ρ(F0)λρ(Fn)]µan,n+1]

=
[(

an,n+1

∑
q

qi=n+1

i−1∏
k=1

a∗qkqk+1

−
n−1∑
l=1

∑
l<j≤n+1

alj

∑
r, q; j=qi; l≥qi−1

i−1∏
m=1

a∗qmqm+1
a∗ln

)
µ
an,n+1

]

= − an,n+1

∑
q

qi−1=n

i−2∏
k=1

a∗qkqk+1
,

whereas

−
n−1∑
p=1

[[ρ(F0)λ
ρ(Fn)]µap,n+1a

∗
p,n]

= −
n−1∑
p=1

[(
an,n+1

∑
q

qi=n+1

i−1∏
k=1

a∗qkqk+1

− ∑
1≤l<j≤n+1

alj

∑
q; j=qi; l≥qi−1

i−1∏
m=1

a∗qmqm+1
a∗ln

)
µ
ap,n+1a

∗
p,n

]
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= an,n+1

n−1∑
p=1

∑
q

qi−1=p

i−2∏
k=1

a∗qkqk+1
a∗p,n +

n−1∑
l=1

al,n+1

∑
q; qi=n; l≥qi−1

i−1∏
m=1

a∗qmqm+1
a∗l,n

−
n−1∑
l=1

al,n+1

l∑
p=1

∑
q; n+1=qi; l≥qi−1=p

i−2∏
m=1

a∗qmqm+1
a∗p,na∗l,n.

Hence, [[ρ(F0)λρ(Fn)]µρ(Fn)] = 0.

For s = 1 we get ρ(F1) = a1,2 and hence

[ρ(F0)λρ(F1)]

=
∑

1≤r<j≤n+1

arj

∑
q; j=qi, r≥qi−1, q2=2

i−1∏
j=2

a∗qjqj+1
a∗r,n+1

+
∑

r<n+1

∑
q

r=qi; q2=2

i∏
j=2

a∗qjqj+1
Φbr +

∑
1≤r≤n

∑
q

q2=2; qi=r

i−1∏
j=2

a∗qjqj+1
κ ·Da∗r,n+1.

Thus, [[ρ(F0)λρ(F1)]µρ(F1)] = 0.

Next up is the calculation for [ρ(F0)λ[ρ(F0)µρ(F1)]]:
For a partition q = (1 = q1, q2, . . . , qi, n + 1), recall that we set l(q) = i. We

now write [ρ(F0)λρ(F1)] = A01 + B01 + C01, where

A01 =
∑

1≤r<j≤n+1

arj

∑
q; j=ql(q); r≥ql(p)−1, q2=2

l(q)−1∏
j=2

a∗qjqj+1
a∗r,n+1

B01 =
∑
r≤n

∑
q

r≥ql(q); q2=2

l(q)∏
j=2

a∗qjqj+1
Φbr

C01 =
∑

1≤r≤n

∑
q

q2=2; ql(q)=r

l(q)−1∏
j=2

a∗qjqj+1
κ ·Da∗r,n+1,

and F0 = A + B + C, where

A =
∑

1≤r<j≤n+1

−arj

∑
q; j=ql(q); r≥ql(p)−1

l(q)−1∏
l=1

a∗qlql+1
a∗r,n+1

B = − ∑
1≤r<n+1

∑
r≥ql(q), q

l(q)∏
j=1

a∗qjqj+1
Φ(br)

C = − ∑
1≤r<n+1

∑
r=ql(q), q

l(q)−1∏
j=1

a∗qjqj+1
κ ·Da∗r,n+1.

Then [F0λ[F0µF1]] = [AλA01] + [BλB01] + [AλB01] + [BλA01] + [AλC01] + [CλA01].
Now we calculate each summand above, and simplify

[AλA01]

= − ∑
1≤r<j≤n+1
1≤s<k≤n+1

∑
q; j=ql(q); r≥ql(q)−1

p; k=pl(p); s≥pl(p)−1, p2=2

[
arj

l(q)−1∏
l=1

a∗qlql+1
a∗r,n+1λask

l(p)−1∏
ξ=2

a∗pξpξ+1
a∗s,n+1

]
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= − ∑
1≤r<j≤n+1
1≤s<k≤n+1

∑
q; j=ql(q); r≥ql(q)−1

p; k=pl(p); s≥pl(p)−1, p2=2

ask

([
arjλ

l(p)−1∏
ξ=2

a∗pξpξ+1

]
a∗s,n+1

+
l(p)−1∏

ξ=2

a∗pξpξ+1
[arjλa∗s,n+1]

) l(q)−1∏
l=1

a∗qlql+1
a∗r,n+1

− ∑
1≤r<j≤n+1
1≤s<k≤n+1

∑
q; j=ql(q); r≥ql(q)−1

p; k=pl(p); s≥pl(p)−1, p2=2

arj

([ l(q)−1∏
l=1

a∗qlql+1λask

]
a∗r,n+1

+
l(q)−1∏

l=1

a∗qlql+1
[a∗r,n+1λask]

) l(p)−1∏
ξ=2

a∗pξpξ+1
a∗s,n+1.

Re-indexing the above gives

= − ∑
1≤r<j≤n+1
1≤s<k≤n+1

∑
q; j=ql(q); r≥ql(q)−1

p; k=pl(p); s≥pl(p)−1, p2=2

ask

([
arjλ

l(p)−1∏
ξ=2

a∗pξpξ+1

]
a∗s,n+1

+
l(p)−1∏

ξ=2

a∗pξpξ+1
[arjλa∗s,n+1]

) l(q)−1∏
l=1

a∗qlql+1
a∗r,n+1

− ∑
1≤s<k≤n+1
1≤r<j≤n+1

∑
q; k=ql(q); s≥ql(q)−1

p; j=pl(p); r≥pl(p)−1, p2=2

ask

([ l(q)−1∏
l=1

a∗qlql+1λarj

]
a∗s,n+1

+
l(q)−1∏

l=1

a∗qlql+1
[a∗s,n+1λarj ]

) l(p)−1∏
ξ=2

a∗pξpξ+1
a∗r,n+1

= − ∑
1≤s<k≤n+1

∑
q; n+1=ql(q); s≥ql(q)−1

p; k=pl(p); s≥pl(p)−1, p2=2

ask

l(p)−1∏
ξ=2

a∗pξpξ+1

l(q)−1∏
l=1

a∗qlql+1
a∗s,n+1

+
∑

1≤s<k≤n+1

∑
q; k=ql(q); s≥ql(q)−1

p; n+1=pl(p); s≥pl(p)−1, p2=2

ask

l(q)−1∏
l=1

a∗qlql+1

l(p)−1∏
ξ=2

a∗pξpξ+1
a∗s,n+1

− ∑
2≤r≤s,j≤k≤n+1

∑
q; j=ql(q); r≥ql(q)−1, ∃t; 2≤t≤l(p)−1; (r,j)=(pt,pt+1)

p; k=pl(p); s≥pl(p)−1, p2=2

ask

·
l(p)−1∏

ξ=2,ξ 6=t

a∗pξpξ+1
a∗s,n+1

l(q)−1∏
l=1

a∗qlql+1
a∗r,n+1

+
∑

1≤r≤s<k≤n+1
1≤r<j≤n+1

∑
q; k=ql(q); s≥ql(q)−1, ∃t≤l(q)−1; (r,j)=(qt,qt+1)

p; j=pl(p); r≥pl(p)−1, p2=2

ask

·
l(q)−1∏
l=1,l 6=t

a∗qlql+1
a∗s,n+1

l(p)−1∏
ξ=2

a∗pξpξ+1
a∗r,n+1.

To show that the above summation is zero reduces to showing the following are
zero:

I1 := − ∑
q; n+1=ql(q); s≥ql(q)−1

p; k=pl(p); s≥pl(p)−1, p2=2

l(p)−1∏
ξ=2

a∗pξpξ+1

l(q)−1∏
l=1

a∗qlql+1

+
∑

1≤r<j≤n+1

∑
q; k=ql(q); s≥ql(q)−1, ∃t≤l(q)−1; (r,j)=(qt,qt+1)

p; j=pl(p); r≥pl(p)−1, p2=2

l(q)−1∏
l=1,l 6=t

a∗qlql+1

l(p)−1∏
ξ=2

a∗pξpξ+1
a∗r,n+1.
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Note that the first summation is over all partitions p and q and has summands of
the form a∗2p3

· · · a∗pl(p)−1ka∗1,q2
· · · a∗ql(q)−1n+1 with pl(p)−1 ≤ s and ql(q)−1 ≤ s. The

second summation is over all partitions p and q and has summands of the form

a∗1,q2
· · · a∗qt−1,ra

∗
j,qt+2

· · · a∗ql(q)−1,ka∗2,p3
· · · a∗pl(p)−1,ja

∗
r,n+1

= (a∗2,p3
· · · a∗pl(p)−1,ja

∗
j,qt+2

· · · a∗ql(q)−1,k)(a∗1,q2
· · · a∗qt−1,ra

∗
r,n+1),

where s ≥ ql(q)−1, s ≥ r ≥ pl(p)−1 and r < j ≤ k. But these two sets of partitions
are the same, so I1 = 0.

Similarly, if we look at the partitions for the summands of

I2 :=
∑

q; k=ql(q); s≥ql(q)−1
p; n+1=pl(p); s≥pl(p)−1, p2=2

l(q)−1∏
l=1

a∗qlql+1

l(p)−1∏
ξ=2

a∗pξpξ+1

− ∑
2≤r<j≤n+1

∑
q; j=ql(q); r≥ql(q)−1

∃t; 2≤t≤l(p)−1; (r,j)=(pt,pt+1)
p; k=pl(p); s≥pl(p)−1, p2=2

l(p)−1∏
ξ=2,ξ 6=t

a∗pξpξ+1

l(q)−1∏
l=1

a∗qlql+1
a∗r,n+1,

collecting partitions shows that I2 = 0. Hence, [AλA01] = 0.
One can also obtain:
[BλB01]

= − ∑
1≤r<n

( ∑
q; r≥ql(q)

κ · (λ + D)
( l(q)∏

j=1

a∗qjqj+1

))( ∑
p; r+1=pl(p), p2=2

l(p)∏
l=2

a∗plpl+1

)

+2
( ∑

q; n≥ql(q)

κ · (λ + D)
( l(q)∏

j=1

a∗qjqj+1

))( ∑
p; n≥pl(p), p2=2

l(p)∏
l=2

a∗plpl+1

)

− ∑
1≤r<n

( ∑
q; r+1=ql(q)

κ · (λ + D)
( l(q)∏

j=1

a∗qjqj+1

))( ∑
p; r≥pl(p),p2=2

l(p)∏
l=2

a∗plpl+1

)
, (35)

and the following identities

[AλB01] = − ∑
1≤r<j≤n+1

∑
q

j=ql(q); r≥ql(q)−1

n∑
s=1

∑
p

s≥pl(p), p2=2

l(q)−1∏
l=1

a∗qlql+1

[
arjλ

l(p)∏
j=2

a∗pjpj+1

]
a∗r,n+1Φ(bs)

= −
n∑

s=1

∑
2≤r<j≤n+1

∑
q

j=ql(q); r≥ql(q)−1

∑
p

s≥pl(p), p2=2

l(q)−1∏
l=1

a∗qlql+1

[
arjλ

l(p)∏
j=2

a∗pjpj+1

]
a∗r,n+1Φ(bs),

[BλA01] = − ∑
1≤r<j≤n+1

∑
q

j=ql(q); r≥ql(q)−1, q2=2

n∑
s=1

∑
p; s≥pl(p)

l(q)−1∏
l=2

a∗qlql+1

[ l(p)∏
j=1

a∗pjpj+1λarj

]
a∗r,n+1Φ(bs)
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= −
n∑

s=1

∑
2≤r<j≤n+1

∑
q

j=ql(q); r≥ql(q)−1, q2=2

∑
p

s≥pl(p)

l(q)−1∏
l=2

a∗qlql+1

[ l(p)∏
j=1

a∗pjpj+1λarj

]
a∗r,n+1Φ(bs).

Computing the λ-brackets above, then collecting and re-labelling partitions yields
[AλB01] + [BλA01] = 0.

Next we calculate
[AλC01]

= − ∑
1≤r<j≤n+1

[
arj

∑
q; j=ql(q); r≥ql(q)−1

l(q)−1∏
l=1

a∗qlql+1
a∗r,n+1λ

∑
1≤s<n+1

∑
p; s=pl(p), p2=2

l(p)−1∏
k=2

a∗pkpk+1
κ ·Da∗s,n+1

]

= − ∑
1≤r<j≤s<n+1

∑
q; j=ql(q);

r≥ql(q)−1

∑
p,s=pl(p),p2=2

∃t:(pt,pt+1)=(r,j)

( l(q)−1∏
l=1

a∗qlql+1

)
a∗r,n+1κ ·Da∗s,n+1

l(p)−1∏
k=2,k 6=t

a∗pkpk+1

− ∑
1≤s<n+1

∑
q; n+1=ql(q); s≥ql(q)−1

∑
p; s=pl(p), p2=2

κ · (λ + D)
(( l(q)−1∏

l=1

a∗qlql+1

)
a∗s,n+1

)

l(p)−1∏
k=2

a∗pkpk+1
.

While on the other hand, we have

[CλA01]

= −
[ ∑

1≤s<n+1

∑
p

s=pl(p)

l(p)−1∏
k=1

a∗pkpk+1
κ ·Da∗s,n+1λ

∑
1≤r<j≤n+1

arj

∑
q

j=ql(q); r≥ql(q)−1, q2=2

l(q)−1∏
l=2

a∗qlql+1
a∗r,n+1

]

=
∑

1≤r<j≤s<n+1

∑
q; j=ql(q)

r≥ql(q)−1, q2=2

∑
p, s=pl(p)

∃t:(pt,pt+1)=(r,j)

( l(q)−1∏
l=2

a∗qlql+1

)
a∗r,n+1κ ·Da∗s,n+1

l(p)−1∏
k=1,l 6=t

a∗pkpk+1
− ∑

1≤s<n+1

∑
q; n+1=ql(q)

s≥ql(q)−1, q2=2

∑
p, s=pl(p)

l(q)−1∏
l=2

a∗qlql+1
a∗s,n+1κ · (λ + D)

l(p)−1∏
k=1

a∗pkpk+1
.

For the factors with q; n + 1 = ql(q); s ≥ ql(q)−1, p, s = pl(p), p2 = 2, one
applies the following type of calculation:

−κ · (λ + D)
( l(q)−1∏

l=1

a∗qlql+1

)
a∗s,n+1

l(p)−1∏
k=2

a∗pkpk+1

= −κ · (λ + D)
(
a∗1q2

· · · a∗ql(q)−1,n+1

)
a∗s,n+1a

∗
2p3

· · · a∗l(p)−1,s
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= −κ · (λ + D)
(
a∗1q2

· · · a∗ql(q)−1,n+1

)
a∗2p3

· · · a∗l(p)−1,sa
∗
s,n+1

= −κ · (λ + D)
(
a∗1q2

· · · a∗ql(q)−1,n+1

)
a∗2p3

· · · a∗l(p),n+1

= −κ · (λ + D)
( l(q′)∏

l=1

a∗q′lq′l+1

) l(p)∏
k=2

a∗pkpk+1
,

where q′ := (1, q2, . . . , ql(q)−1, n + 1) (so q′l(q′)+1 = n + 1 and q′l(q′) = ql(q)−1) and
l(q′) ≤ s = l(p). The other factors can also be simplified, and as a consequence we
obtain

[AλC01] + [CλA01]

= − ∑
1≤s<n+1

∑
q; s≥ql(q)

κ · (λ + D)
( l(q)∏

l=1

a∗qlql+1

)( ∑
p, s=pl(p), p2=2

l(p)∏
k=2

a∗pkpk+1

)

− ∑
1≤s<n+1

∑
q; s=ql(q)

κ · (λ + D)
( l(q)∏

l=1

a∗qlql+1

)( ∑
p, s≥pl(p), p2=2

l(p)∏
k=2

a∗pkpk+1

)
. (36)

Now if we set

B(t) :=
∑

q; t=ql(q)

l(q)∏
l=1

a∗qlql+1
and C(t) :=

∑
p, t=pl(p), p2=2

l(p)∏
k=2

a∗pkpk+1
,

then by induction one can show that

n∑
s=1

(( s∑
q=1

B(q)
)
C(s)

)
+

n∑
s=1

(
B(s)

( s∑
q=1

C(q)
))

= 2
(( n∑

q=1
B(q)

)( n∑
q=1

C(q)
))

−
n−1∑
s=1

(( s∑
q=1

B(q)
)
C(s + 1)

)
−

n−1∑
s=1

(
B(s + 1)

( s∑
q=1

C(q)
))

(the identity above holds for any elements B(q) and C(s) in an algebra with coeffi-
cients in Z). Applying this identity to the sum of (35) and (36), we show

[BλB01] + [AλC01] + [CλA01] = 0.

This completes the proof that [ρ(F0λ)[ρ(F0)µρ(F1)]] = 0.
The remaining relations [ρ(F0)λ[ρ(F0)µρ(Fn)]] = 0 and [ρ(F0)λρ(F0)] = 0 are

proven in a similar manner, where one applies to the following formal identities:

n∑
r=1

( n−1∑
s=1

(−δr,s−1 + 2δrs − δr,s+1)
( r∑

t=1

( s∑
v=1

B(t)C(v)
)))

=
n−1∑
t=1

B(t)C(t)−B(n)
( n−1∑

t=1
C(t)

)

and
( n−1∑

r=1

( r∑
q=1

A(q)
)
A(r + 1)

)
−

( n∑
q=1

A(q)
)2

+
n∑

s=1

(( s∑
q=1

A(q)
)
A(s)

)
= 0.
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For the Serre type relations for the Er, the calculations are the same as those
in [9, Lemma 3.5], where −γbr(z)− 1

2

(
b+
r−1(z) + b+

r+1(z)
)

is replaced by Φ(br) and
−γ

2 ȧ∗r,r+1(z) is replace by κ ·Da∗r,r+1. We refer the interested reader to that paper
for the proof. ¤
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