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a-CATEGORIES AND a-FUNCTORS IN 
THE REPRESENTATION THEORY OF LIE ALGEBRAS 

BEN COX 

ABSTRACT. The fields of algebra and representation theory contain abundant 
examples of functors on categories of modules over a ring. These include of 
course Hom, Ext, and Tor as well as the more specialized examples of comple- 
tion and localization used in the setting of representation theory of a semisimple 
Lie algebra. In this article we let a be a Lie subalgebra of a Lie algebra 0 and 
r be a functor on some category of a-modules. We then consider the follow- 
ing general question: For a g-module E what hypotheses on r and E are 
sufficient to insure that F(E) admits a canonical structure as a 0-module? The 
article offers an answer through the introduction of the notion of s-categories 
and a-functors. The last section of the article treats various examples of this 
theory. 

1. INTRODUCTION 

Suppose a is a Lie subalgebra of a Lie algebra g and y is a functor from 
the category of a-modules to itself. Now suppose A is a u-module. Then 
by restriction of the action from g to a we obtain an a-module which we 
denote by the same symbol A. Within representation theory of Lie algebras 
the following question has arisen naturally in a number of contexts (see [D, E, 
Jol, Jo2, Jo3, Wa, Z]). What hypothesis on y and A are sufficient to imply 
that yA admits a g-module structure? We offer an answer to this question in 
the form of the Lifting Theorem (see 4.6). 

Let us review the contents of the paper. In ?2 we set down the necessary 
notation and establish a few preliminary results. In ??3 and 5 we recall the 
definitions of some well-known functors in representation theory. Among some 
of the more interesting examples are Enright's completion functors and Zuck- 
erman's derived functors of the t-finite functor. There is a second group of 
functors (also discussed in ?3) which includes some specialized versions of Tor. 
An essential property of the functors in the first group is that they commute with 
those in the second. This property, which is incapsulated in the notion of what 
we call an a-category and an a-functor, is the basis for a proof of the Lifting 
Theorem. The statement and proof of this theorem is then given in ?4. Here 
the reader will also find a related result on the derived functors of a-functors 
and the proof that under some rather mild conditions the left adjoint to a right 
exact j-functor is an a-functor. We end the paper with some remarks on how 
the Lifting Theorem applies to a variety of examples. 
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At this point the author would like to thank his thesis advisor Professor 
Thomas J. Enright for his patience, encouragement, and guidance. Professor 
Enright's enthusiasm and deep insight into the representation theory of Lie 
algebras has been an inspiration to the author. 

2. PRELIMINARIES AND NOTATION 

2.1. If G: ? -+ D is a functor then let imG be the class of objects G(C), 
C E Ob ?, together with the collection of morphisms G(h), h E Hom<t(A, B) 
where A, B E Ob?. If 93 is a subcategory of D let G-1(93) denote the 
subcategory of ? where A E Ob G-1 (93) if G(A) E Ob 93 and 

HomG-l(5)(A, B) := G-1(Homz(GA, GB)) C Homt (A, B) 

for A, B E Ob G-1 (93). One can see that G-1 (93) is a subcategory as follows: 
Composition in G-1 (93) is just given by composition in ?, however one needs 
to see that the image lies in the appropriate space, i.e., 

HomG-l(9)(A, B) x HomG-l (f)(B, C) -- HomG-l(f)(A, C) 

where (p, VI) F+ VI o p . This is true as f E HomG-1(B)(A, B) and g E 
HomG-1(Z)(B, C) implies that G(g o f) = G(g) o G(f) E Hom (GA, GC). 
It is clear that composition is associative and that for each A E Ob G-1 (93) 
one has 1A E HomG-I(Z)(A, A). Hence G-1 (93) is a subcategory of ?. If 
we write imG C 93 we mean both G(C) E Ob93 for all C E Ob? and 
G(Hom,(A, B)) c Homm (GA, GB) for all A, B E Ob?. 

2.2. Recall that an additive category A is a category satisfying the following 
three axioms: (i) A has a zero object, (ii) any two objects in A have a product, 
and (iii) for all objects A, B E Ob 2 the set of morphisms Hom% (A, B) forms 
an abelian group such that the composition Hom%(A, B) x Hom2,(B, C) 
Hom%(A, C) is bilinear. One also has the following proposition. 

2.3. Proposition [HS, p. 77]. Let A and93 be two additive categories and 
F: 2( -+ 93 a functor. Then the following are equivalent: 

(i) F preserves sums (of two objects). 
(ii) F preserves products (of two objects). 

(iii) For each A, A' E Ob Q one has that 

F: Hom% (A, A') -+ Hom (FA, FA') 

is a group homomorphism. 

A functor satisfying the above equivalent conditions is called an additive 
functor. 

2.4. For a vector space V over a field k, let Tn (V) denote the n-fold tensor 
product of V with itself and let TO = k. Then T(V) := (?% Tn(V) is the 
tensor algebra of V. Elements in Tn (V) are called homogeneous of degree n . 
If 9 is a Lie algebra let U(s) denote the universal enveloping algebra of 9. 
Furthermore set Tn(V) := eO<m<n Tm(V) and let Un(g) denote the image of 

Tn(g) under the canonical projection T(g) -- U(g). 
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Let 9 be a Kac-Moody algebra with triangular decomposition 9 = n_ eD ren+ 
(see [Ka, Chapter 1] for definitions and notation) and let A E 1*. Let C, = Cv 
denote the one-dimensional 1 o n+-module defined by 

h, v =A(h)v and n+.v =0. 

Then the Verma module M(A) of highest weight A-p is the g-module U(g)0u(b) 
C)X-p where p(a) = I for all positive simple roots a. 

2.5. Let a be an arbitrary Lie algebra over a field k. For V a finite- 
dimensional trivial a-module and P and E arbitrary a-modules, let 

4 = gV, P,E: V* 0 Homa(P, E) +Homa(V P, E) 

be given by the canonical homomorphism (v* X p)(v op) = v*(v)p(p) for all 
v* E V*, v E V, p E P,and (o E Homa(P, E). 

Lemma. g is an a-module isomorphism and is natural in all variables 
Proof. First we show that 4 is an a-module homomorphism. Let x E a. Then 

4(x.(v* X ))(v ?p) = (x.v*)(v)(o(p) + v*(v)(xq,)(p) = 0 

as v E Homa(P, E) and V* has trivial a-module structure. On the other 
hand, 

(x4.(v* 0 o))(v ?p) = x. (v(* X q)(v Xp)) - g(v* 0 (o)(x.(v X0p)) 

= v*(v)(x0)(p) O 

as ( E Homa(P, E). 
We now show that 4 is natural in the first variable V, and leave the verifi- 

cation for the other variables to the interested reader. Let V and W be two 
finite-dimensional trivial a-modules and f E Homa (V, W). Forw$ E W*e 
(0 E Homa(P, E) one has 

o f * X l)(w* 0 (o)(v op) = (f * o w*)(v)V(p) = w*(f(v))((p) 

= g(W**( 0q)(f(V) p) =((f 0 1)o)(W*0)(v op). 

This proves the claim that g is natural in V. 
We still have to prove that g is an isomorphism. To that end let {vi} be 

a basis of V and {vi} be its dual basis. If g(Z1 aiv7 0( 0) = 0 with ai E k 
then g(>iaiv$ av 0j)(vj op) = ajVj(p) = 0 for all p e P and all j. Thus g is 
injective. 

Suppose now ( E Homa(V o P, E) then if {Pk} is a basis of P we can 
set 0i(Pk) := o(Vi 0 Pk) - It is easy to see that vi, E Homa(P, E) using the 
hypothesis that V is a trivial a-module. Now (i V7 0 i)(Vi Pk) = j j(Pk) = 

O (Vj 0 Pk) so that g is surjective as well. 

2.6. Let A, B and F be a-modules where a = a(A) is a Kac-Moody algebra 
with triangular decomposition a(A) = b e n+ E n_ . For any a-module M we 
let M[h] denote the sum of the [ weight spaces of M. Let v: a a be the 
involutive antiautomorphism defined by v(x) = -x and let o,: a a be the 
compact Chevalley involutive antiautomorphism defined qc(xa) = x_, for a a 
root. Let now M* (resp. Mc*) be the a-module Hom(M, C) with underlying 
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action (x.(o)(m) = zo(n(m)) (resp. (x.(o)(m) = zo(nx(m))). Set MO = M*[R] 
and Mc' = Mc*[']. Let 

1 = ?A,M, B: Homa(A , M oB)-HoMa(AMO, B) 
be given by t/(#o)(a 0 m*) = ji m*(mi)bi where (o(a) = Ei mi 0 bi and mi E 
M, bi E B. For f E Homa(M, N) let f 0: NO - MO denote the obvious 
induced map. 

Lemma. Let H be a trivial finite-dimensional a-module with A, B, M arbi- 
trary a-modules. Then the following diagram is commutative and ?I is a natural 
transformation: 

H* 0 Homa(A, M B) H Homa(H A, M 0 B) 

12 

H* ? Homa(A MO, B) Homa(H o A o MO, B) 
Proof. We first check commutativity of the diagram. Let x E H*, h E H, 
a E A, m* E MO and o E Homa(A, M o B). Then 

o 1 0 l)(X 0 (o)(h 0 a 0 m*) = 4(x 0 l(())(h 0 a 0 m*) 
= /(h)ri(?o)(a 0 m*) = x(h)(m* 0) l)(rp(a)) 
= (m* 0 1)(X(h>)P(a)) = (m* 0 l)(4(x 0 (p)(h 0 a)) 
= ti(4(X 0 (p))(h 0 a 0 m*) = o 4)(x 0 rp)(h 0 a 0 m*). 

This proves the commutativity. 
We now check that ?I is natural in the variable A and leave the verification of 

the other variables to the reader. Let f E Homa(A, C), (o E Homa(C, MoB) . 
Then rp(f(a)) = i mi m bi with mi E M and bi E B. Then for m* E MO 
and a EA 

1A, M, B(f (q))(a 0 m*) = Z m*(mi)bi = ?Ic, M, B(()(f(a) 0 m*) 

= ((fo 1)* o 1C,M,B)((#)(a 0 m*). 
Hence 11A, M, B ? f* = (fo 1)* o rCM, B and ?I is natural in the first variable. 

Define further ,G: AO 0 BO -- (A 0 B)O by the formula f,(a* 0 b*)(a 0 b) = 
a * (a)b*(b). If A and B are finite dimensional, it is easy to check that fi is 
an isomorphism. 

2.7. We keep the same notation as in the previous sections. 

Lemma. For Q, A, F, and E a-modules the following diagram is commuta- 
tive: 

Homa(Q, FoEoA) HoMa(Q (F E)O, A) 

I Homa(fi) 

Homa(Q0FO, EoA) - - - Homa(Q0FO oEO, A) 

Proof. The proof is straightforward and is left to the reader. 

2.8. The next result will be used in ?4. First a definition. Let R be a ring 
with identity and let MR denote the category of all R-modules. An additive 
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full subcategory ? of MR is said to be a good category if its class of objects is 
closed under passage to submodules and quotients. 

Proposition [Kn, Proposition 5.14]. Let t and D be two good categories and 
G: e --+ ) and G': e -- D two functors such that there are isomorphisms 

HomR(G(A), B) _ HomR(G'(A), B) 

natural for all A E Ob t and B E Ob 0D. Then G is naturally equivalent to G'. 

Remarks. A similar result holds if one reverses the roles of the two variables in 
Hom. Let TB,A: HomR(G(A), B) HomR(G'(A), B) denote the above given 
isomorphism. Then the natural equivalence from G to G' is implemented by 
the map Tj, A),A(1G'(A)): G(A) -- G'(A) where A E Obt. For more details 
see [Kn, Chapter 5]. 

3. a-CATEGORIES AND a-FUNCTORS 

3.0. Let g be a Lie algebra defined over a field K of characteristic zero. If 
a and A are two additive categories of modules for 9 such that a is closed 
under tensoring and A is stable under tensoring by objects in @, then we say A 
is an s-category (see 3.2). In particular if A and a are also abelian categories 
then the Grothendieck group (see, for example, [HS, p. 75] for the definition of 
the Grothendieck group of an abelian category) of a, G(j), has the structure 
of an associative algebra over K and the Grothendieck group of A becomes 
a G(a)-module. Hence an a-category can be viewed as a generalization of the 
notion of a module over a ring. 

Suppose now that T: A -* 9 is an additive functor between two a-categories 
of u-modules. If the operation of tensoring by objects in a "intertwines" with 
T (i.e., TF o T is naturally equivalent to T o TF for every object F in a where 
TF = F -), then we say T is an intertwining functor (see 3.3). Note in 
particular that if A and 9 are also abelian categories then z induces a G(j3)- 
module homomorphism from G(Q) to G(9). In this way we view an W- 
intertwining functor as a generalization of a module homomorphism. 

In ?5 we will give several examples of a-functors and a-categories, but for 
now we just make the above ideas more precise. 

3.1. For any Lie algebra g (possibly infinite dimensional) defined over a field k 
of characteristic zero, let Mg denote the category of all u-modules. Throughout 
we will assume that j denotes an additive subcategory of Mg, satisfying the 
following two conditions: 

(1) a is closed under tensoring; i.e., if E , F1 E j, fj E Hom,(Ej,Fj) 
for j = 1, 2 then El ,E2, F XF2 E Oba, and 

fl X f2 E Homa(El 0E2, F1 0F2). 

(2) E Ob a as a g-module under the adjoint action. 

3.2. For F E Ob a let TF denote the tensor product functor on M. given by 
AF-4 FA and hF-+ 1F9h for g-modules A and B and heHomg(A,B). 
If n c u is a Lie subalgebra and e is a subcategory of Mn we shall use the 
symbol TF to denote the tensor product functor on ? when no confusion is 
likely to arise. The category e is called an a-category if it is additive and TF 
carries t into itself for all F E Ob a . 
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3.3. Example. Let g = g(A) be a Kac-Moody algebra associated to a gener- 
alized Cartan matrix A (see [Ka, Chapter 1]). Let j = 1 <E a ga be a root 
space decomposition of g with 0 a Cartan subalgebra, 9 C 0* a set of roots, 
e+ a set of positive roots, and H the set of simple roots. Fix ae E + and 
let a = Cx 0 e Cha E Cy,, Xa E 9,],, ha = [x,,y], y,Y E 9, be a copy of 
sl(2, C) inside of g. The full subcategory 8a of Ma is defined to have as 
objects, a-modules M such that 

(i) ha acts semisimply on M, 
(ii) the CIIya]-action on M is torsion free, and 

(iii) M is C[xa]-finite. 

This category was first introduced in [E, ?3]. 
For convenience we collect here the definitions of several related categories 

which will appear later. Set n+ = EaE0+ gO and put b = o E n+. For finite- 
dimensional 9, b is a Borel subalgebra. Let a denote the category of U(s)- 
modules for which b acts semisimply and b acts locally finitely. Let a be 
the category of integrable g-modules; i.e., N E Ob a if and only if N is [- 
diagonalizable and Ya and xa act locally nilpotently for all a E e. Then a is 
closed under tensoring and 0 E Ob a by [Ka, Lemma 3.5], so a satisfies 3.1. 
Moreover it is not too hard to check that 5a is stable under tensoring by objects 
and morphisms in a. Hence 8a is an a-category (see [D, Remark 2]). 

3.4. Now let a and b be two Lie subalgebras of 9 and let A (resp. 93) 
be an additive subcategory of Ma (resp. Mb). Suppose further that both A 

and 93 are a-categories and X is a functor from A to 93. We call T an 
intertwiningfunctor (or 3-intertwiningfunctor when more precision is necessary) 
if T is additive and there exists a natural equivalence for each F E Ob a, 
iF: TF o - T 0 TF. 

3.5. Suppose z is an intertwining functor and let >J = {iFIF E Ob a} denote 
the family of natural equivalences above. Recall that a natural equivalence 
iE: TE o T -? T o TE is a rule that, assigns to each object A of A an isomorphism 
iE(A): TE o T (A) -+ z o TE(A) such that for every homomorphism f: A -- B in 

A one has iE(B) o ((TE o T)(f)) = (T o TE)(f ) o iE(A) . For convenience we set 
iE,A = iE(A) for all A E ObQ, E EOba. 

Suppose now that for every E, F E Ob' and h E Homa(E, F) one has 
h 0 1A E Homm (E 0 A, F o A) for A E ObQ(. Assume 93 has this same 
property. Then we say that Jf is natural in the a-variable (or natural in 5) 
if the following diagram is commutative for all E, F E Ob5, A E Ob2, and 
fEHoma(E, F): 

EXTA T X (E X A) 

(1) Xf1?A{ {z(f?1A) 

FXTA TF,A (F A) 

We call .J distributive if the following diagram is commutative for E, F E 
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Oba and A E Ob 2: 

(E (D F) X TA iEffF,A + T((E e F) X A) 

(2) { 

(E0r TA) 0 (F XTA) E,AG FAz T(E 0 A) E T(F X A) 
The left map in (2) expresses the bilinearity of 0 and the right map expresses 
this bilinearity combined with additivity of z. 

We say that JZ is associative if the following diagram is commutative for all 
E, F E Oba andA E ObQ: 

EoFOTA 1_iF,A EO T(F?A) 

(3) i lE, FA 
OEF,A 

T(E?F A) 

3.6. To help set these ideas we include a proof of the following somewhat 
straightforward result. 

Lemma. Suppose A and 9 are a-categories and T: A -- 93 is an intertwining 
functor. If the family Jf = {iF,AIF E Ob a, A E Ob %} is natural in the 
a-variable then Jf is distributive. 
Proof. The sum X = U o V in A can be expressed as a split exact sequence 
0 -* U -* X -* V -* 0. Thus the left map in 3.5.2 can be expressed as a split 
short exact sequence. Similarly since T is additive, the right map in 3.5.2 can 
also be so expressed. We then obtain the following diagram: 

o - ) Tr(E IA-*) T((E e F) 0A) r(b?1A)) T(F ? A) -- 0 

(1) T(i, (ii, 
a0l,A b?1? 

0-A E?zTA (E DF)XzA -4 FoA -T0 O 
Here the vertical maps come from JY while a (resp. b) is the obvious inclusion 
(resp. surjection). By naturality of .J in a both subdiagrams (i) and (ii) above 
are commutative. In turn this shows that 3.5.2 is commutative and thus the 
lemma is proved. 

3.7. Suppose T is an intertwining functor with the family of natural equiva- 
lences Jf = {iFIF E Ob al}. We call the pair (z, 3f) an a-functor whenever 
Jf is both distributive and associative. When JY is understood to be fixed we 
call T an a-functor. 

We now give two examples of a-functors to illustrate that they occur naturally 
in representation theory of Lie algebras. In ?5 we will discuss a couple of other 
examples. 

3.8 (Continuation of Example 3.3). Take A = 93 = 9; and consider the 
completion functor, C<>: $; -? J;, defined by Enright as follows. Let M satisfy 
(i) above, i.e., M is a weight module. Then for c E C let 

Mc = {m E Mlha m = cm}, Mxa = {m c MIxm = O}, MCXa = Mx n Mc. 
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A weight module M for a is complete if for each n E N, yn+1 induces a 
bijection Mn -_ MXan-2. A completion of a weight module M is a weight 
module M together with an a-module injection i: M -* M' such that (i) 
M'/M is U(a)-finite and (ii) M' is complete (see [E, ?3] for details). For 
M E g completions exist and are denoted by Ca (M) . Moreover given an a- 
module homomorphism f: M -> N in 8a one has an induced homomorphism 
Ca(f ): Ca(M) -? Ca(N) (see [E, ? 3]). In [D] the Enright completion functor 
Ca above is described as a subfunctor of a localization functor Da. Now ga 
can be shown to be stable under TF, F E Ob a, and Da and Ca can be 
seen to be a-intertwining (see [D, Theorem 3.1, Corollary 3.2 and Remark 2; 
RW, Proposition 12; Ki, Proposition 2.6]). Moreover it follows from, say, [Ki, 
Proposition 2.6] that the natural equivalence iF: TF Ca -+ COT o TF is natural in 
a. With a straightforward calculation one can also show that the family {iF } is 
associative. By Lemma 3.6 {iF} is distributive and hence Ca is an j-functor. 

3.9. Let q C 9 be two Lie algebras over C and let g = g(9) be a subcategory 
of M. satisfying 3.1. Let D = 0D(q) be a subcategory of Mq stable under 
TE, E EObF. If V E ObD, define P,(V) = U(9) 0u(q) V (resp. I,(U) = 
Homu(q) (U(g), V)) as a 9-module via ul (u2 Ox) = (ul u2) Ox (resp. ul ((u2) = 

(O(U2U1)) for ul, U2 E U(9), X E V. Then P: D-+ M. (resp. IQ: -+ Mg) 
is just induction (resp. coinduction). For each E E Ob 9' and V E Ob D we 
have a Mackey isomorphism 

(1) (DE,V: P41 (E o3 V) -+E o P41 (V) 

uniquely determined by (DE, V(1 0 f 0 v) = f o I X v for f E E, v E V. 
Moreover the isomorphism above is natural in E and V (see [Kn, Proposition 
6.5]). Hence the Mackey isomorphisms (1) provide us with a family fi = 
{(E: Pq ? TE - TE o Pq, E E Ob ?} such that Pq is ?-intertwining with 
respect to Jf and Jf is natural in the '-variable. Then Jf is distributive by 
3.6 and is also easily seen to be associative by the formula defining (DE, v, (1). 
Hence Pq is an '-functor. 

In addition, if we assume that all objects of 9' are finite dimensional then 
there exist unique isomorphisms of U(s)-modules 

?E,V: E o2 I49 (V) Iq9 (E o2 V) 

such that 

(DI,v(e 0 8)(1)= e 0 o(1) 

where e E F, E E Iq (V). Moreover this isomorphism is natural in E and 
V (see [Kn, Corollary 6.7]). Hence J* = {4)E: TE o I;- I,' o TE} provides 
us with a family of natural transformations such that I,' is an ?-intertwining 
functor with respect to J* and J* is distributive. For E, F E Ob F, e E E, 
f E F, o E I4(V) we have 

(DE,&F, v(e X f X p)(I) = e X f X (#(I) = e X (D;, v(f 8 (p)(I) 

= Ee,F?V(e ' D?F, V (f e 0v))(1) 

= (4E,F0V ? IE 0 ODF, V)(e fv)(l). 
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By uniqueness 'D?F V = F$V ? 1E 0 OF V so that 5* is associative. 
Hence IQ is an '-functor. 

4. THE LIFTING THEOREM 

4.1. Now we introduce notation necessary for the statement of the Lifting 
Theorem. As in the previous section let a and b be Lie subalgebras of j and 
let A (resp. 9) be an additive subcategory of Ma (resp. Mb). Recall from ?2 
the concepts of the image and preimage of a functor. Suppose e is an additive 
subcategory of M. with resa e C %t and set 5j equal to the preimage of 9 in 
M9: i.e., b = res-1 9 (see 2.1). Let T: %f -? 9 be a functor. A lifting of T is 
a functor f: e -> X5 rendering the following diagram commutative: 

( 1 ) resa { {resb 

Although our notation here might suggest uniqueness, neither the existence nor 
the uniqueness of a lifting is apparent. Both of these points are the focus of 
our attention in this section. 

4.2. If g is a Lie algebra and E a g-module, then let a9: T(g) ? E -- E 
denote the action of the tensor algebra T(g) on E induced by x X e F > x * e 
for x E g, e E E. When no confusion is likely to arise, we omit the subscript 
and write a in place of a9. 

4.3. Throughout the paper any additive category ? of M. will satisfy the 
following condition: if A E Ob ? then g X A and Tn (g) ? A are objects of ? 
for n E N and the g-module map a. is a morphism in ?, i.e., 

a. E Homr(Tn(g) ? A, A) 
for all n E N. 

4.4. Let a = a(g) be defined as in ?3, satisfying 3.1.1 and 3.1.2. Let A, B, & 
and i be categories as above and assume both A and 9 and a-categories 
and r: 2( -- B is an j-functor. Here we have fixed a family of equivalences 
, = {iFIF E Oba} (cf. 3.4). We say that r is compatible with the b-module 
action if the following diagram is commutative for all E E Ob 0: 

b ?- cE a , cE 

(1) 1jjr(ae) 

g?ct E- r9 0(g?E). 
4.5. Suppose T is a lifting of zr. We say that z has a g-action induced from 
,r (or (,r, JY) to be more precise) if the following diagram is commutative for 
all EeObO: 

g? <8> -?E -+ 
a 

-TE 

(1) oi9,Ej X 

?(9 X E) 
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Above we suppress the appearance of the restriction functor resb so that resb E 
appears as just E. 

4.6. Theorem (Lifting Theorem). Suppose T: A B is an j3&functor such that 

(i) T is compatible with the b-module action (cf. 4.4) and 
(ii) J(9) = Span{x X y - y 0 x - [x, y]Ix, y E g} has an ad g-stable com- 

plement K in T2(,) and both K, J(g) E Ob a . 
Then there exists a unique lifting 7: e - X which has a s-module action induced 
from T. 

Proof. For convenience in the proof we write T = T(g) and Tn = Tn (g). 
Let E E Ob e. We begin by defining a linear map a * TrE -- TE via the 
commutative diagram 

TzTE ---rTE 

(1) iT,E A ; 

T(T?E) 

Since iT,E and a9 are sums of restrictions to the graded subspaces Tn, (1) 
is defined also at the graded level. By definition ai induces a linear map (also 
denoted by a-) from T into End(TE). 

We claim a is an algebra homomorphism of T into End(TE). For n, m E 
N consider the diagram: 

(2) 
ZTn+m 0g E T(a) 

Tn+m (-rTE T (Tn+m (? E) -T(E) 

(a) (b) 

1 E {T(1 a) / 

Tn ? T(Tm G E) (c) T(Tn G E) 

1(3) T(a)/ 

{ iTn, E 

Tn (9 T E 

We let (a), (b), and (c) indicate the subdiagrams. Of course (2) will be commu- 
tative as soon as we show (a), (b), and (c) are themselves commutative. 

Our assumption 4.3 assures us that all the maps in (2) are well-defined. Since 
J7 is associative, diagram (a) is commutative. Since E is a g-module and z is 
a functor, diagram (b) is commutative. Now set F = Tn (g) and write diagram 
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(c) in the form 

TF o T(Tm X E) FmET OTF(Tm ( E) 

(3) 1?T(a) jl?(a) 

TF OIE F, E 
- 

? 
TF (E) 

Since iF is a natural equivalence of functors TF o r --+ r o TF, diagram (3) is 
commutative. This completes the proof that (2) is commutative. 

Since each iF is a natural equivalence, the action a has its own naturality 
which will be of use later. We record this here as: for D, E E Ob 5 and 
a E Homo (D, E) the following diagram is commutative: 

TX( TE a , E 

(4) 1 Ta Ta 

TX 0D a ,cD 

Next we show that ZI factors through T(g) to U(g) inducing a g-module 
action on rE . The kernel of a is a two-sided ideal and thus to prove a induces 
a g-action on tE it is sufficient to show that J(g) is contained in the kernel 
of a. Consider the following diagram with J = J(g) and F = T2(9): 

F XcE - E c(F (? E) T(a) E 

(5) 1 1 

J X TrE iJE (J X E) r() E 

Here we let b denote the restriction of a to J X E. Since Y is distribu- 
tive we use hypothesis 4.6(ii) to conclude that all the subdiagrams of (5) are 
commutative. But b is the zero map and since r is additive, -c(b) = 0. It 
follows from (5) that a is zero on J X rE. Therefore a induces an algebra 
homomorphism of U(g) into End(rE). This gives us a g-module action on 
rE. Let TE denote this g-module. 

We now claim that E I TE is a functor from e to i. Let D, E be objects 
of e and y E Hom,(D, E). Suppressing the notation for the restriction, y 
is also a map from res D to res E and thus 'ry E HomB (rD, rE) . We claim 
'ry E Homse (WD, TE) . From the definition of i it is sufficient to verify that Try 
is a j-module map. We prove this by considering the following diagram: 

F ?-cE iF, E c(F (E) T(a) E 

(6) 1?TY 1(+Y) Ty 

F ?c I 
D- D -c(F ? D) c(a) D 

where F = Tn for n E N and a is the obvious g-module action. This diagram 
is by hypothesis commutative. This fact together with the assumption that >J 
is distributive implies that ry respects the action of T(g) and hence the action 
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of U(g) on E and D. Thus 'ry E Homs (ilD, YE), and so setting -y = Try we 
conclude that T: e -- i is a functor. 

From the construction it is clear that - is both a lifting and has a g-module 
action induced from zr. From (1) and 4.5.1 we conclude that - is unique. This 
completes the proof of the Lifting Theorem. 

4.7. We would like to show now that the hypothesis 4.6(ii) is not too stringent. 

Lemma. Suppose g is a Lie algebra and as above let 

J = J(g) = span{x ?y -y?x - x[x, y]Ix,y E g}. 

Let S2 = 52(g) denote the symmetric tensors in T2(g). Then J and S2 g- 
modules and T2(g) = S2 J. 
Proof. The Poincare-Birkhoff-Witt theorem implies that the projection of T(g) 
onto U(g) restricts to a linear isomorphism on S(g), the symmetric tensors of 
T(g). Clearly J is the kernel of this map on T2(g). This completes the proof 
of the lemma. 

4.8 (Continuation of Example 3.3). It is straightforward to see that J and S2 
defined in ?4.7 are objects in a. Hence 4.6(ii) is satisfied. Now we have the 
following setup. 

.5 .(a) .c5, g(a) 

(1) resa 1j,resa 

where a = CXa + CHa + CX, a E B, is a copy of sl(2, C) in g(A), and 
,,(a) is the full subcategory of g-modules M such that resa M E Ob8a, i.e., 
.9,(a) = res- I (8a) (see [E, 3.5 and 3.6]). 

Now it is not too hard to check that Ta and 5;(a) are a = a(g)-categories 
and that assumption 4.3 is satisfied for g and ? = Ta or 9;(a). From [Ki, 
Proposition 2.16(iii)] we have a natural equivalence iF: TFOCa -- Cao TF for F 
an integrable g-module. Thus we have a commutative diagram for M E 9;(a): 

C.(aa) 
a0Ca(M) M Ca (a089M) - Ca (M) 

isl l ~~C,(igl) a./ ) 

g0Ca (M) CaM 0 C( M) 

where i: a -- g is just the canonical inclusion. The composite of the top maps 
is just the a-module action on Ca(M) (see [E, Proposition 3.3]). Hence Ca 
is compatible with the a-module action and we can apply the Lifting Theorem 
to give us a functor Ca: 9;(g) - 9;(a) rendering diagram 4.7.1 commutative. 
This gives an alternate proof of [RW, Proposition 11]. 

Note that the lattice functors defined in [E, ?4], being compositions of various 
Ca 's, also enjoy the property of being j-functors for A of finite type, i.e., 
for g finite dimensional. The details are left to the interested reader (see [E, 
Proposition 4.14]). 
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4.9. Next we extend the Lifting Theorem to the setting of derived functors 
of an a-functor. For ??4.9 to 4.11 we assume that A is an j(a)-category, 
where a(a) satisfies 3.1.1 and 3.1.2 and A satisfies the following additional 
hypotheses: 

(i) A has enough projectives, 
(ii) the functors TF, F E Oba(a), carry projectives to projectives, 

(iii) for a E Hom% (A, B), kera and ima are objects in A, and both the 
inclusion ker a + A and the surjection A -- im a morphisms of A. 

Remarks. (i) and (iii) are sufficient to imply that projective resolutions exist for 
any module A E Ob A and that given two projective resolutions P* -- A -) 0, 
Q* - B -- 0 in A with f E Hom%(A, B) then there exists a (unique up to 
chain homotopy) chain map f: P* -- Q* inducing f (see [HS, Chapter IV, 
Theorem 4.1]). However A above need not be an abelian category as the next 
example shows. 

4.10 Example. Let a = sl(2, C) and let Mn, n E Z, denote the Verma mod- 
ule M(A,) for a, where A, E b* is defined by An(H) = n. Then for n E N*, 
M,L-n Mn is injective in Sa but Fn- M,/M, is not an object in 'Ta 
Hence A is not an abelian category. 

4.1 1 Proposition. Suppose 2t is an a(a)-category satisfying 4.9 and let r: A - 

Ma be a covariant a(a)-functor. Then all derived functors k, k E N, are 
a(a)-functors as well. 
Proof. Let A E Ob2 and let P* -- A be a projective resolution of A. By 
4.9(ii), F 0 P* -- F ? A is a projective resolution and ck(F ? A) is the kth 
homology group of the complex c(F ? P*) for F E Oba(a). Consider the 
diagram 

cT(F? Pj) - T(F?Pj_1) 

(1) TF i9P}4 iiFPj-I T 

-.. +, F?cP1 - F?()Pji1 -1 

All the subdiagrams of (1) are commutative and thus the isomorphisms iF 
induce isomorphisms i A on the homology groups 

(2) iF A F 8) tA -,i (F X& A). 

Let now DA -- A -- 0 and Q* -- B -- 0 be two projective resolutions in A 

and let f E Hom%(A, B). Then by Remark 4.9 there exists a chain map f 
such that the following diagram is commutative: 

p* A - 0 

Q* B - 0. 
For the existence of this chain map one needs to assume 4.9(iii). (Thus it does 
not suffice to assume that A has projective resolutions of objects; one must 
also assume 4.9(iii).) Using the fact that the iF are natural equivalences it is 
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a rather straightforward verification (which we leave to the reader) to show the 
diagram 

F0eckA iF, A Irk(F(A) 

1sT kfk(F?f) 

F?c TkB , T X) 

is commutative. Hence the ik are natural equivalences. Clearly Tk is additive 
and thus each Tk is an intertwining functor with respect to the family jk - 

{ikIF E Oba}. 
It remains to verify that each gjk is both distributive and associative. Let 

F, H E Obja(a) and A E ObQt. Then the complexes c(F X H 0 P*), F 0 
,r(H ? P*), and F ? H ? trP* can be related as in (1) to give a triangular 
diagram of complexes: 

.--> F?-r(H?PO) F?t(H?A) - 0 

F?(9H(-rPo0 F H?A 0 O 

-. . t (F?H?PO) -r(F?H?A) -+0 

All the triangular diagrams are commutative by the assumption that 'r is 
associative. Thus the induced triangular diagrams at the level of homology are 
commutative as well. This proves that gjk is associative. The proof that gjk 
is distributive is similar and we omit it. This completes the proof. 

Remark. One can also show that if JZ is natural in a(a) then the gjk are also 
natural in a(a). 

4.12 Theorem (Lifting Theorem for derived functors). Suppose a equals b 
and let a(a) be a category of a-modules satisfying 3.1.1 and 3.1.2. Using the 
notation of the Lifting Theorem 4.6, assume A satisfies 4.9 and resa: j(g) 
a(a). Suppose tr: 2 -- Ma is an a(a)-functor such that 

(i) r is compatible with the a-module action (cf. 4.4), i.e., 

a X0cA aa I - A 

(1) ia,A T(aa) 

r(a X A) 
and 

a0 cE a , cE 

(2) iil J(a.) 

gc,E 2 (L E ( E) 

are commutative diagrams for A E Ob A, E E Ob e (notation as in 4.6). 
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(ii) J(g) = Span{x X y - y ? x - [x, y]jx, y E g} has an ad g-stable com- 
plement K in T2(g,) and both K, J(g,) E Obj. 

(iii) >J is natural in a(a). 
Then for each k E N, the derived functor Trk admits a unique lifting -k: 5 

i which has a g-module action inducedfrom Trk (cf 4.5). 
Proof. We begin by checking that rk is compatible with the a-module action. 
Let P. -- A be a projective resolution in A with A E Ob 5. Diagram 4.4.1 
is commutative by assumption. Starting with this diagram we consider the 
diagram 

a c?rP* TP* 

g($& tp* (a) r(a 0$ P*) (c)/ 

\ / ~~~~~~~~~(a) 

i *t(i? 1)1 / 

-(g ?P*). 

By naturality of >J in a(a) we conclude that (a) is commutative. By ap- 
plying hypothesis (i)(1) with A replaced by each Pi we conclude that (b) is 
commutative. Diagram (c) is somewhat more delicate since the modules Pi are 
not g-modules. First a. gives an a-module map g X A -- A and so lifts to 
a chain map which we denote by a.: gP* -X P,. Now a. and a. o i 81 
are two chain maps which agree on a ? A -- A. This show that (c) induces a 
commutative diagram at the level of homology. Hence the outside diagram in 
(3) induces a commutative diagram 

a X TkA a, TkA 

(4) { {Tk(a) 

XTkA igkX k(9 X A) 

This completes the proof that each rk is compatible with the a-module struc- 
ture. 

Now using 4.1 1 and (4) we may apply 4.6 to the functors Irk. This completes 
the proof of 4.12. 

4.13. In this last subsection we further assume in addition to 4.9 that every 
object in a(g) is of finite dimension and F* E ag(g) for F E ag(g) . 
Proposition. Let 2t and B be two good full ag = a(g)-subcategories of Ma and 
Mb respectively where a, b c g are two subalgebras. Suppose ? = I7A,M,B: 
Homt(A, M X B) Homt(A X M*, B) is an isomorphism for M E ag(g) 
and ? = 2t and ? = B (cf: 2.6 and 2.8). Let H: A -- B be a covariant ag- 
functor natural in a (cf. 3.4). If H has an additive left adjoint G, then G is 
also an a-functor natural in a. 
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Proof. First we construct natural equivalences IF, A: F ? GA -- G(F ?A) (here 
F E Ob a, A E Ob 9) using Lemma 2.7 as follows. Let B E ObQt and consider 
the sequence of isomorphisms 

Hom%(F ? GA, B) _ Hom!(GA, F* X B) -Hom9(A, H(F* X B)) 

Hom9 (A, F* X HB) Hom9 (F X A, HB) 
Homa (G(F X A), B). 

The third isomorphism is induced by the natural equivalence 

iF*,B: H(F* X B) - F* X H(B). 

The first and fourth isomorphisms are induced by t1 (see 2.6). The other two 
isomorphisms are just a consequence of the definition of an adjoint functor. By 
Proposition 2.8 we have an induced natural equivalence 

IF,A: FG(A) _ G(F?A). 

Next we check that J = {jIF,AIF E Obj1(g), A E ObQt} is natural in j(g) . 
With this goal in mind let E, F E Ob 2 and f E Hom2(E, F) and consider 
the diagram 

HomW(E?)GA,B) - HomW(GA,E*?B) > HomT(A,H(E* ? B)) 

HomW(G(E ? A), B) HomB(E ? A, HB) Hom~(A, E* ? HB) 

HomW(F ? GA, B) T Homm(GA, F* ? B) Homz(A, H(F* ? B)) 

HomW(G(F ? A), B) - Homz(F ? A, HB) ' HomZ(A, F* ? HB) 

The left diagonal arrows are induced from J and the right diagonal arrows 
are induced from I = {iF,AIF E Obj , A E ObQt}. By the naturality of I (cf. 
Lemma 2.6) the left back square and the right front square are commutative. 
The left front square and the right back square are commutative as G is the left 
adjoint to H. The right side square is commutative as I is natural in W3. The 
top and bottom faces are commutative by the definition of J. Hence the left 
side square is commutative. From this fact it easily follows that J is natural in 
W3. Observe that this in particular implies by Lemma 3.6 that J is distributive. 

Now we need only prove that J is associative. As before let E, F E Ob j, 
A E Ob 9B, and B E Ob A . Then consider the following diagram: 
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(1) 
HomW(E 

G 
F 

G 
GA,B) HomW(GA, (E 

G 
F)* GB) 

- 

HomW(G(E O F GA), B) HomT(E O F GA, HB) 

HomW(E 0 G(F GA), B) - HomW(G(F GA), E*G B) - 

Hom(A, H((E 0 F)* GB)) - Hom(A, H(E* 0 F* GB)) 

Hom(A, (E 0 F)* 0 HB) Hom(A, E* 0 F* 0 HB) 

HomT(F GA, H(E* GB)) + HomT(A, F* 0 H(E* GB)) 

The reader should view this as one large diagram with the bottom diagram 
placed to the right of the top diagram. The leftmost arrows on the top dia- 
gram are just induced by J while those on the right in the bottom diagram 
are induced by I. The top face of the whole diagram is commutative by the 
definition of J and as I is natural in a . The front face of the whole diagram 
can be written out as 

HomW(G(E G F GA),B) * Hom(E G F GA,HB) 

(a) 

HomW(E G G(F GA), B) HomW(G(F GA), E* B) t 

HomT(A, (E G F)*G HB) + HomT(A, E* G F* ? HB)) 

(b) g1 

Hom(F GA,E* HB) 

{ (c) 

HomT(F GA, H(E* GB)) 4 Hom(A, F* G H(E* GB)). 
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The definition of J implies that diagram (a) is commutative. By Lemma 2.7 
diagram (b) is commutative and (c) is commutative by the naturality of j. 

The back face of diagram (1) can be written out as follows: 

HomW(E G F G GA,B) HomW(GA, (E G F)* GB) 

HomW(F 
G GA,E*GB) 

(e) (g) 

HomW(E G G(F GA), B,) HomW(G(F GA), E* GB) 

Hom(A, H((E G F)* GB)) - Hom(A, H(E* G F* GB)) 

(h) 

HomW(GA,F* ?E* GB) 

(g) 

HomT(F GA, H(E* GB)) - HomT(A, F* ? H(E* GB)). 

Diagram (e) is commutative as I is a natural equivalence of (f) is commuta- 
tive by Lemma 2.7. (h) is commutative as G is the left adjoint to H. Finally 
the definition of J implies that (g) is commutative. This completes the proof 
of Proposition 4.13. 

5. EXAMPLES OF a-CATEGORIES AND j-FUNCTORS 

5.0. We now give a few more examples of a-categories and j-functors arising 
from the representation theory of Lie algebras. For more information on these 
various functors the reader is referred to the original articles. 

5.1. We keep the notation of Examples 3.3 and 3.8 but specialize to the case 
where A is of finite type. Fix a E II and set pa = b ED CX-a where X_, E O 
is nonzero. Let K (resp. Ka) denote the category of finite-dimensional U(b) 
(resp. U(p,)) modules. Joseph introduced and investigated functors Q,: K -, 

Ka defined as follows. For F E Ob K, ?2raF is defined to be the largest U(pa)- 
finite-dimensional quotient of the induced module U(Pa) ?U(b) F. Qrf for 
f E HomK(E, F) is defined to be the obvious induced map !2raE -- _12aF. Let 
a be the category of finite-dimensional s-modules. Then 3.1 (i) and 3.1 (ii) are 
satisfied and both K and Ka are a-categories. By [Jo3, Lemma 2.5] one has 
a natural equivalence iE: TE o -2 Q ra o TE for each E E ObF . The family 
{iE} is then natural in a and associative (in fact this follows from 3.9). Hence 
2, is an a-functor. 
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5.2. In this next example we recall the notion, due to Joseph, of completion 
functors on the category a . In this setting one can view the Enright completion 
functors as members of a larger family of completion functors. For a suitable 
choice of a and a-category we will see that these completion functors are 
actually a-functors. 

First we fix some notation. Let g = g(A) with A of finite type, and let P(s) 
be the lattice of integral weights. In this example fix A E [* dominant and 
regular and set A = A + P(e) . Let M(A) denote the Verma module of highest 
weight A - p (see 2.4 for notation), where p = 2 a,+ a, and let L(A) be 
its unique irreducible quotient. In addition to being [-semisimple and U(b)- 
locally finite we assume in this section that the category a is defined to have the 
added condition that all modules in a are finitely generated as U(s)-modules. 
For M E Ob& set co(M) = {A E *JMj $ O} where Mj, is the Ath weight space 
of M. Let &A denote the full subcategory of a whose objects are s-mocdules 
M with co(M) c A. Set U = U(s) 0 U(s) and for s-modules M and N make 
Hom(M, N) into a U-module by setting l((a 0 b)x)m = aq(a(a))(x(a(b)m)) 
(see 2.6 for notation). Identify U with U(9 x g) via x 0 1 + 1 0 x -- (x, x) 
as usual and let j: 9 -- x 9 be given by j(x) = (x, a(a,(x))) . Set t = j(0) 
so that t is a Lie subalgebra of 9 x g. For M, N E Ob&, L(M, N) will 
denote the space of t-finite elements of Hom(M, N). For N E Ob &A set 
CNM = L(N, M) ?U(9) M(A) . One can then show that the Enright completion 
functor, Ca, agrees with the functor CM(S,.) on C[x-a]-free modules in the 
category &A (see [Jo2, ?2.12]). 

Let now 9' be the category of finite-dimensional s-modules. Then &A is an 
?-category. Now Joseph defines a completion functors C to be a functor on 
&A such that the following three conditions hold: 

(1) C is covariant and left exact. 
(2) For each E E Ob and N, M E Ob&A there exists an isomorphism 

VM,E such that the following diagrams are commutative: 
(a) 

C(E ? M) (ME E?CM 

C(E ? N) 9N,E EoCN, 
(b) 

C(E ? F ? M) PFOM,E+ E?C(F?M) 

\PM,F 
(M,E?F 4\ 

E0F0CM 

for all F E Ob , and 
(c) 

C(E ? E* ? M) PM,E?E*, E ? E* ? CM 

\-+ 1*(e) 
e l* 1-* (e) 

CM. 
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(3) For any ad s-submodule E of U(s) with E E Ob ' the following 
diagram is commutative: 

C(E?M) 

\\eom-em 

(OM,E CM 

I e?m--em 

E8CM 

Joseph goes on to prove that for any N E Ob &A, CN is a completion functor 
and that all completion functors are of this form (see [Jo2, Proposition 4.4]). By 
(2) {(OEIE E Ob ?} is associative and distributive. Hence CN is an jW-functor 
for all N E Ob& A. Conversely, for the category &A and a = ', any covariant 
left exact a-functor satisfying 2(c) and 3 must be a completion functor CN for 
some module NE Ob6&. 

5.3. The last example we cover is the Zuckerman functor. Let [ c t c be 
subalgebras of a finite-dimensional Lie algebra 9 over a field k of characteristic 
zero. For the remainder of this section assume [ is reductive and reductive 
in t and 9. If s c t are Lie algebras over k let t(t, s) denote the full 
subcategory of Mt whose objects are U(s)-locally finite and semisimple as s- 
modules. For X an object of t(t, [) let F(X) be the maximal U(t)-locally 
finite t-semisimple t-submodule of X and if f: X -- Y for objects X, Y 
in t(t, b) let T(f) = flr(x) E Home(F(X), F(Y)). Then one has a functor 
F: Q(, f) -, e(, e) given by X F- I(X) and f ,-, F(f ) for X an object 
of t(, [) and f a morphism in t(t, [). F is by definition the Zuckerman 
t-finite functor. If one takes a = t(t, t) it is easy to check that t(t, [) and 
t(t, t) are a-categories and that F is an a-functor (see [EW, Lemmas 3.3 and 
3.4] and [ES, Proposition 5.2]). Now we take a = t, f5 = t(q, b), A = t(t, ), 
and 93 = t(t, t) . Let rese: M. -- Me denote the forgetful functor so that 

= rest1 t(t, t) = t(q, t) . One can check that the hypotheses of the Lifting 
Theorem are satisfied so that we have a functor r: t(g, [) = (t(g, t) such 
that the following diagram is commutative: 

-r 

rese { {rese 

One can also check in this case that the hypotheses of 4.12 holds so that 
the right derived functors of F are a-functors by Lemma 4.12 and for A 
a g-module, FI(A) has a u-module structure for j > 0. For work on the 
Zuckerman functors see [EW, Lemmas 3.3 and 3.4; ES, Proposition 5.2; and 
Wa, Chapter 6]. 

Remark. The connection between a-functors and localization contains some 
interesting results which will be discussed in a forthcoming paper. 
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