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Examination in Math 120 Introductory Calculus, 5-2-2010

1. Using logarithmic differentiation find the derivatives of the following functions:

a) y= (3+3x+x7)2+2x+x2

Sln:

)

242 z+:1:2

Iny=In(3+3z+2") =(@2+2z+2*)n(3+3z+a")

Using the chain rule on the left and the product rule together with the chain rule on the
right, we get
ldy _ d

_4 2 7
ydr ~ dr ny = (2+2z+2*)In(3+3z+a"))

1 d
7 2 7
3+ 728
_ 7 2
and thus
dy ™ 2+2 ot . o, 3+ Tab

3+2x+ 22
b) y= ot
R (e

3+2z+22 1 9 5

Using the chain rule on the left and the product rule together with the chain rule on the
right, we get

;% = dcic = %%(ln(3+2x+x2)—3ln(1+x5))
1( 2+ 2z _3 5at )
7T\3+2x+ z2 1+ b
1 242 152
7(3+2$+x2 a 1+$5)

and thus

dy 1./3+2x+2a? 242z 15x4
de 7\ (1+253 \3+2zx+22 1425/

2. A kite 50 meters above the ground is drifting horizontally at a speed of 2 meters per second.
At what rate is the angle between the horizontal and the string decreasing when the string
has been let out 150 meters?

Ans: Let x denote the horizontal distance from the person holding the kite to a position directly
below the kite and let h denote the distance from the person to the kite. Let # denote the angle
between the horizontal and the string. Then tan 6 = 50/x and dz/dt = 2. Now

d d (50) 50 dx 100

=l T

sec? Gd—e = —tanf = —
T

When h = 150, = = v/1502 — 502 = /(32 — 1)502 so that x = 100v/2, sec = h/x = 150/100v/2 =
%. Hence when h = 150,
9do 100 o 4 1

8dt  2x1002° ' dt 900 225
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Examination in Math 120 Introductory Calculus, 5-2-2010

3. Find the first and second order derivatives of the following functions
a) f(t) =7t —3t2 + 1.
Sln: f/(t) = 212 — 6t. f"(t) = 42t — 6.
b) f(0) = cos 36.
Sln: f/(8) = —3sin36. f”(0) = —9cos 36.

4. Find the equation of the tangent line to the curve
(42 + 92 —4)(a? + 4% —4) =1

at (z,y) = (1,1).
Ans: We differentiate with respect to z:

0= %(1) = % ((43;2 +y? - 4)(9U2 + 4g% — 4))

— dy 2 2 2,2 dy
—<8:v+2ydx)(x +4y* —4)+ (da* +y” —4) 2x+8ydx .
When (z,y) = (1,1) we get

_ dy dy\ dy
0= <8+2d$>+<2+8dx) _10+10dx.

d
Thus 8y = —1. The equation for the tangent lineisy —1 = —(x — 1) or y = —x + 2.
dz |(2,y)=(1,1)

The graph of the curve together with the tangent line y = —x + 2 is given to the right.

—T

33 e

5. Find the absolute maximum and minimum of the function f(x) =
terval [—4,1].

Ans. Observe that f(x) is continuous on the interval [—4,1] as the only place where it could
possibly not be continuous is where the denominator 2 + 3x + 3 = 0. But the only roots of
—-3+v9—-12

2 +3z+3=0arexr=— "~

continuous. First we find the critical points:

which are complex. Thus the function f(z) is always

—(2>+32+3) — (—z—1)(2z + 3)

!/
f) = (22 +3x+3)?
—2? -3z —3+22%+ 52 +3
- (x2+32+3)?
2+ 2
T (2 +31+3)2
Now f’(c) = 0 implies ¢? + 2¢ = 0, which means ¢ = 0 or ¢ = —2 are critical numbers. f’(c) is

undefined when ¢ + 3¢+ 3 = 0 but we know from the above that this is never zero for ¢ in the
domain of f(z). Hence the derivative is defined for all real z.
To find the absolute maximum we need to calculate

F(-4)=3/(16-12+3)=3/7, f(-2)=1/(4—6+3)=1, f(0)=—1/3, f(1)=—2/T.

The absolute maximum value of f(z)is f(—2) = 1 and the absolute minimum value is f(0) = —1/3
as —1/3 < —2/7 (since —7 < —6). The plot of the graph of f(x) is given to the right.

6. Find the linearization of f(z) = v/16 + z at x = 9 and use it to approximate /27.
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Examination in Math 120 Introductory Calculus, 5-2-2010

The linearization of f(z) at =9 is L(z) = f(9) + f/(9)(z — 9). Since f'(z) = %(16 +z)" Y2

we get
1

2v/25

(z79):5+i(x79).

L(z) = V25 + o

Now
%ﬁ:fﬂU%LﬂU:5+%ﬂH—m:ﬂ20

The graph of f(x) = v/a + 16 together with the linear approximation L(z) are given to the right.
7. Suppose that f/(z) < 3 for all x and f(1) = 2. How large can f(5) possibly be?

Since f(z) is differentiable everywhere, it is also continuous everywhere and hence the Mean Value
Theorem applies to any interval [a,b]. We choose @ = 1 and b =5 as these are numbers that f(z)
is evaluated at in the problem. The conclusion of the Mean Value Theorem says that there is a ¢

in (a,b) such that
f) = fla) _ f6B)—fA) _ f(5) -2

/ o o _
o= =" %5=1 ~ 4
Now by the hypothesis of the problem we also know that f'(¢) < 3 so that
-2
IO =2 5 . je—2<12

4
= f(5) < 14.
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